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CHAPTER 1 
WHAT ARE OBJECTIVE TESTS? 


Objective tests are tests composed of questions to each of which 
there is a unique acceptable answer. Because there is only one accep- 
table answer, such tests can be marked by any intelligent person 
provided with an answer key. In this sense they are unlike the 
extended-answer or ‘еззау’ type of questions, which require markers 
who are skilled in the topic being tested. In such extended-answer 
tests, the subjective opinions of examiners regarding the mark to be 
given often differ, and this introduces a source of error into the 
total mark obtained in the test. 

It should be realized, however, that marks on objective tests are 
not free of error just because they are objectively marked. The 
selection of questions, the wording of questions, and the emphasis 
given to different topics and skills are all subjective decisions made 
by the examiner in the devising of the test, and so are potential 
sources of ‘error’ in regard to any final score on the test. So objective 
tests are subjectively structured, written, and designed. They are 
objectively marked. 

In objective tests, the answers may be presented to the student 
in multiple-choice form,* in which case the student has to choose 
the correct answer or set of answers from a number of alternatives. 
A very simple form is the true-false answer. This type of presen- 
tation facilitates fast machine scoring, and has advantages when 
the choices incorporate shades of meaning which reflect fine dis- 
tinctions in understanding.? In as much as guessing, more or less 
inspired, occurs with this form of test, there is some added uncer- 
tainty (unreliability) in the final score. Where the number of ques- 
tions is large, however, this source of unreliability is considered 
relatively insignificant when compared to other possible sources 
of error. And guessing also applies, of course, in extended-answer 


1 These superscripts refer to the numbers of the test items presented at 
the end of the chapter. 
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questions. How often is a student certain that what he writes is 
correct? 

In mathematics, where the answers are often numerical or sym- 
bolic in form, many questions may be left open-ended,’ and students 
are required to write in the unequivocal answer. 

Apart from the ease and objectivity of marking objective tests, 
their main attraction is their sampling efficiency. In quite a short 
time a comparatively large number of questions, covering different 
content areas and mathematical skills, may be asked. At Form 4 or 
Form 6 level about forty quite complex questions per hour can be 
answered. As we shall see later (Chapter 7) this adequacy of 
sampling is important if the results of students on the test are to 
have much meaning. 

There are advantages, then, to be gained through the use of 
objective tests. They may be used to give relatively accurate and 
reliable measures of many mathematical skills. But they may not 
be used to measure a student's ability to synthesize a proof, to 
present a mathematical argument or to give direct evidence of 
imaginative, divergent thinking. They may, however, test diverse 
skills, simple; complex,’ naive? or sophisticated," involving simple 
recall’ or advanced analytical? or intuitive іпрепиіќул0 

The objective tests to be discussed in this book are concerned 
only with cognitive behaviours. Some legitimate aims of mathematics 
teaching are concerned with attitudes. Many teachers claim: ‘We 
want to interest the children, to develop in them a love of mathe- 
matics, an appreciation of its power and elegance. Whilst the aim 
may be applauded, objective tests of the type to be discussed here 
are inappropriate for the measurement of attitudes,* 


*Anyway, perhaps such tests should be taken only by the teacher, for it 
has always seemed to me that teachers who complain that students lack 
interest and appreciation of mathematics are rather like comedians who 
complain that their audiences have no sense of humour. In fact, they need 
а new technique, or new jokes. 5 
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EXAMPLES OF TEST ITEM TYPES IN CHAPTER 1 


1 Multiple-Choice Form 


If S = (1,2, 3} and T = (3, 4, 5}, then which of the following is а 
true statement? 

А SUT= {3} C SUT=({T} 

B SoT-(íS) D SOT= {3} 


Multiple-Choice: Fine Shades of Meaning 

Examine carefully the algebraic expressions below. In each case 
select the statement from the key which is most appropriate to 
the expression. 


KEY 

true for all values of x 

false for all values of x 

false for all negative values of x 

false for all positive values of x 

false when x lies in the range 0 to 1 inclusive 


(1) х<х+2 


(2) х>2х 
(3) > x 


BOAR 


Open-Ended Form 

Three whole numbers which divide into 20 to give a result which 
is an integer are 1, 10 and 20. Name three other such whole 
numbers which divide exactly into 20. 


Simple 

Which of the following is an expanded numeral for 797? 
A (7) (9) (7) 

B7+9+7 

C 7(10) (10) + 9(10) + 7(1) 

D 7(10) + 9(10) + 7(10) 

E попе of these 
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5 Complex 


А copper ring just fits a large upright Wooden wheel of radius 
7 metre when the temperature is at freezing point. At boiling 
point the radius of the wood has not changed significantly, while 
the length of the copper ring has increased by 4.4 cm. 


Which of the following is the best estimate of the distance x, the 
maximum distance of the ring from the wheel? 


А 44 ст D 04cm 
B 22cm E 02 cm 
C 14 cm 

6 Naive 


(1, 2, 3} represents 


A an infinite set. C a cardinal number. 


B a finite set. D the number three. 


7 Sophisticated 
Consider the following statements: 
(i) ad — bd 
(ii) na = ma for some integers m and n 
(iii) a — b + nd for some integer n 


(iv) TY is an integer 
(1) Which one or more of the above statements is/are equivalent 
to the statement а = b (mod d)? 


(2) For which one or more of the above st 
certain that a = b (mod 4)? 


atements could we be 
8 Simple Recall 
In which one or more of the followi 
bisect each other at right angles? 
A parallelogram G 
B rectangle D 


ng'do the diagonals always 


square 
rhombus 
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9 Advanced Analytical 


10 


Exactly 27 per cent of pupils of a certain school are boys. Exactly 

one third of the pupils have red hair. Even if the number of pupils 

of the school were doubled, there would be less than a thousand 

pupils. 

(1) What is the least possible number of red-haired girls at the 
school? 


(2) What is the greatest possible number of red-haired girls at 
the school? 


Intuitive Ingenuity 
Questions 1 and 2 refer to the following diagram and information: 


А and B represent identical carts 


Cart A rolls along a table at a speed of 12 centimetre per second. 
Cart B is initially at rest. As soon as the end of spring S (projecting 
in front of A) touches B, B starts to move. B moves in all a total 
distance of 6 centimetre from its initial position before the spring 
no longer touches it. At the instant this occurs, cart А has become 
stationary, and remains so, and cart B now has a speed of 12 


centimetre per second. 
(1) The total time during which the spring contacted cart B was 2 


seconds. At what time after the initial contact was the spring 
probably most compressed? 


А 0.5 second D 2second 
B 15есопа E atall times during the contact 
C 1.5 second 


(2) The carts had the same speed 
A when cart B was 3 centimetre from its initial position. 
B atsome point when cart B was less than 3 centimetre from 
its initial position. 
C at some point when cart B was more than 3 centimetre 
from its initial position. 
D at no stage during the collision. 


CHAPTER 2 
DIAGNOSTIC TESTS 


Use of Tests 


As teachers, one of our functions is to help students to learn to 
master the content and processes that comprise our subject. То 
know, at the end of a year, through the use of an achievement test, 
that we have succeeded remarkably or failed lamentably, may be 
pleasurable or distressing; but so far as active student learning is 
concerned, it is sterile information. At the year's end, the student's 
school learning ends also, and it is too late for remedial treatment. 

It is clear that, if we are to locate the individual difficulties and 
misconceptions of students and do something effective about such 
problems, then continual testing is necessary in order to diagnose 
errors, and continual remedial work is necessary to remedy these 
errors, 

Diagnostic tests, therefore, are an intrinsic part of the teaching- 
learning situation. With their help we can isolate our own failures, 
confirm our own successes, and continually improve our methods 
in the light of feedback information which the tests give. 

But more important than this, diagnostic tests enable students to 
determine the limitations and discrepancies in their own learning. 
If the tests are used and followed up in a proper manner, this know- 
ledge is the springboard to future mastery. 


Follow-Up 


Diagnostic tests are used to diagnose breakdown in student learn- 
ing. There may be some areas where breakdown is general, where 
the errors are common to most members of the class, so that the 
class will benefit from some group reteaching. This may be more 
effective if a slightly different approach for a topic is used when the 
topic is retaught. 

But often the errors are idiosyncratic ones, and differential 
materials or approaches will be needed to cope with these very 
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individual errors and misunderstandings. 

The form of follow-up which will be most effective depends on 
the nature of the problem, the nature of the child, the nature of the 
teaching agencies (in which I include material and teacher), and 
the mutual interactions of these three variables. So the problems 
are complex, and there are no simple answers. 

For example, the basic problem may be in the recall of specific 
facts, in the comprehension of some basic principle, in the method 
of attack on a coherent set of problems, in lack of care in numerical 
calculation, and so on. From this brief list it is obvious that a dif- 
ferent method would be required to improve each of these defi- 
сіепсіеѕ. Some suggested remedies are illustrated below. 


Diagnosis Possible Remedial Action 


Repetition and overlearning and 


Recall of specific facts c 
grouping of facts 


Teacher explanation, reference to 
another text, programmed in- 
struction 


Comprehension of basic 
principle 


Worked examples followed by a 


Methodology of working a p 
set of practice examples 


set of problems 


Institute methods of checking 


Lack of care in numerical 
accuracy 


calculation 


Intensive Diagnostic Tests* 

How does one obtain information about the difficulties of the 
individual student from diagnostic tests? Tests are like computers. 
They give us the information we programme them to give. If we 
want to know whether children remember the specific basic facts, 
we must ask questions about those facts. If we want to know 
whether they comprehend the basic principles, we must ask direct 
questions about these principles. If we wish to distinguish between 
careless errors and lack of understanding, we must ask a number 
of questions about the same basic idea. If a student answers four 
e sets of questions presented at the end of 
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These superscripts refer to th 
the chapter. 
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out of five questions about a particular idea correctly and the fifth 
incorrectly, the wrong answer was probably due to a careless error. 
If the student answers one out of five questions about a particular 
idea correctly, he probably does not understand the idea. If he gets 
two or three right out of five, both issues may be involved. 

Intensive diagnostic tests, then, have much in common with 
linear programmes.* The elements that comprise the final be- 
havioural task must first be analysed, so that the questions may 
Slowly peck their way through the basic terminology, concepts, and 
relationships and skills that are involved in that final task. Thus 
they can indicate the specific points where a student's mastery of 
the idea breaks down. Only when this is known can adequate 
treatment be given. 

In structuring and writing a diagnostic test, then, we should have 


in mind the analysis and use of the information we will obtain from 
it. 


Extensive Diagnostic Tests? 


Extensive tests are used to cover a much broader area of content 
than are the intensive tests. Whereas intensive tests could be used 
to test the work of one to four single class periods, the extensive 
test is used to diagnose the effectiveness of, say, a term's work. 
Where intensive tests have been used, and followed up by adequate 
remedial work, the results on such extensive tests should be gratify- 
ingly good. Whilst waiting for Utopia, however, we will find such 
extensive tests very necessary. 

Extensive diagnostic tests are characterized by carefully graded 
sampling of the work covered by the tests. Good sampling is neces- 
sary so that broad areas of difficulty may be indicated, and grading 
of questions within each area is necessary to hint at the actual point 
at which a given student's mastery breaks down. 

Extensive tests may also test across topic areas, and examine the 
relationships between broad ideas that have previously been tested 
in isolation. It is obviously necessary to coalesce diverse mathe- 
matical content and processes into some sort of integrated mathe- 
matical structure in the mind. Whilst such cross-linkages will occur 
spontaneously with some students, others may need to be taught 
definite procedures which will help them to utilize information 
from different topic areas to solve relevant problems, 


*Most programmed texts or courses for use in teaching machines use 
linear programming techniques. 
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A U N 


1 Basic terminology : 


2 Terminology 


3 Relationship 


Skills 


Skills 


Skills 


DIAGNOSTIC TESTS 


IDEA OF CLOSURE 
PRIOR ANALYSIS 


Set, element, counting number, frac- 
tion, integer. 

Be able to classify numbers or sets of 
numbers into the above categories. 
Comprehend the classification of zero 
in the above categories. 

Operation, closure. 

Comprehend the meaning of these 
terms. 

‘Set . . . is closed under certain 
operations." 

Comprehend the meaning of this state- 
ment. 

Translate between general statements 
about sets and closure and statements 
about specific numbers. 

Infer the truth or falsity of statements 
about closure of specific sets under 
specific operations. 

Apply the idea of closure to new 


problems. 


INTENSIVE DIAGNOSTIC TEST ON IDEA OF CLOSURE! 


How many elements has the set 2, 3, 4)? 


How many elements has the set (3, 3, 3, $)? 

How many elements has the set of positive fractions? 

Which one or more of the following elements belongs to the set of 
Positive fractions? 

A 4 ро 

B 4 E -i 

G 1 Е -3 


Which one or more of the following elements belongs to the set of 


negative fractions? 


A -3 D -0 
Bc E 0 
C -1 E 
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i t of 
6 Which one or more of the following are elements of the se! 
counting numbers? 


A 0 


E —2 
B 1 F 1000001 
C 2 G i 
D -1 H =g 


З ` ts of 
7 Which one or more of the above (in Question 6) are elemen 
the set of integers? 


8 Zero is an element of the set of 
A counting numbers. D integers. 


B positive fractions. E none of the above. 
C fractions. 


9 One (unity) is an element of the set of 
A counting numbers. D integers. 
B positive fractions. E none of the above. 


C fractions. 


era- 
10 Which one or more of the following symbols represents an ор 


tion? 
А CUIU } р 2 
E x 
B e 
c = ion? 
11 Which one or more of the following words describes an operatio 
A set D integer 
B multiplication E subtraction 
C fraction F element 


12 Consider the Statement: * 


for the operation of addi: 
thing is 


The set of counting numbers is closed 
tion. Another way of saying the same 


А ifaand bare any two countin 


B the sum of any two coun 
number. 


8 numbers, then a + b = b + а. 
ting numbers is itself a counting 


C if a and b are any two counti; 
then c — a = b. 


D none of the above. 


10 


ng numbers, and a + b = © 
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Consider the statement: ‘The set of counting numbers is closed 

under multiplication. Another way of saying the same thing is 

A if a and Б are any two counting numbers, then 
axb=c=bxXa. 

B if a and b are counting numbers, then a x b = c, and c isa 
counting number. 

C if a and b are any two numbers, then a x b = c = b xa, 
where c is a counting number. 

D if a and b are any two counting numbers, then a x b — c, 
where c is not a counting number. 


Questions 14-16 


14 


15 


16 


17 


Consider the statement (referred to below as statement Y): ‘The 
set of integers is closed under division.' This statement may be true 
or false. 

Consider also the four following true statements: 

А 8+4=2 C 8-518 1 

В 8+ —4 = -2 D 4+8=}ł} 


Which one or more of the above (A, B, C, D) support(s) state- 
ment Y? 


Which one or more of the above (A, B, C, D) does/do not support 
statement Y? 


From the above information, it may be concluded that 
A statement Y is certainly true. 

B statement Y is certainly false. 

C statement Y may be true or it may be false. 


Consider the following statement: ‘The set M is closed under the 
operation of division." This statement is true if M is the set of 
positive whole numbers. 

positive fractions. 

negative whole numbers. 

negative fractions. 

positive and negative fractions. 


вся 


(опе ог тоге answers) 
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18 Consider the following statement: ‘The set М is closed under the 
operation of multiplication.’ This statement is true if N is the set of 
A positive whole numbers. 
B integers. 
C negative fractions. 


D positive and negative fractions and zero. 
(one or more answers) 


EXTENSIVE DIAGNOSTIC TEST 
ON FRACTIONS, DECIMALS, PERCENTAGES? 


Simple Operators and Conversions 


i pedo аьара 
3710 at is the value of x? 
4 2 е 
2, s What is the value of y? 
Give answers to Questions 3 to 10 in simplest terms. 
3 Цха-... 11 12x3-.. 
4 23 x I$ 2... 12 
5 1++=... 13 
6 33 1$ =... 14 
T 28— 3-2... 15 
8 104-3} =... 16 
9$-$-2.. 17 . 
1 . 16; nono 
10 iu 18 -36+ -6 
34 Hole 
0-05: "т 


2 
20 2% = = What is the value of x? 


21 Write 35% as a fraction in its lowest terms. 
22 =n% What is the value of n? 

23 1=р% Whatis the value of p? 

24 25% of £8.00 =... 
25 2% of £600 =... 
26 31% of 64 000 =... 
27 0:46 =...% 

28 2:595 =0:-... 


7 
29 0:07 = E: What is the value of x? 


30 Write 4 as a decimal fraction... 
31 What percentage of £12 000 is £6.00? 


DIAGNOSTIC TESTS 


Analysis and Follow-Up 

The structure of this Extensive Diagnostic Test is apparent. 

Questions 1 to 10 deal with the four simple operations applied to 
fractions. 

Questions 11 to 19 deal with the four simple operations applied to 
decimals. 

Questions 20 to 31 deal with conversions among decimals, fractions 
and percentages. 

A set of 10 similar questions, graded for difficulty, could be produced 
for each question in the diagnostic test, perhaps with one or two worked 
examples. Any student with a wrong answer would be required to do 
the appropriate set of 10 questions, asking for help as he felt necessary. 

If errors were still made, analysis of these more intensive tests should 
reveal the nature of the difficulty. 


Set of Graded Questions for Question 4 
Worked Example: 23 x 14 


222-2x$-4 (multiply fraction by 4 = 1) 
5024 =2+4= 41 
14 =i+4=4 
1 
3 1 n е И " 
= ха = 4 = 1 
22х05 i*3 3 G ) 
1 
=34 
1 4x3 6 33x 14 
2 xi 7 4of3} 
3 13x 3 8 iofi 
4 23x 14 9 21x ix2i 
5 1} x 3 10 ex 1x 1px 1bx% 
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CHAPTER 3 


ACHIEVEMENT TESTS 


Achievement Tests and Standards 


Most people who set examinations, from Grade 1 to university, 
believe they are testing achievement. They have in mind ye 
standard of achievement and believe (often with an innocent ап 
touching faith) that their test will assess whether this standard has 
been reached. A great number also believe that this acceptable 
standard is located as a mark on the test. This mark is often defined 
as exactly one half of the total number of marks available on the 
test. Nowhere (except in the universal abhorrence of Friday 13) is 
faith in the magic of numbers so deep-seated as on this matter. 
Nowhere is a dogma that is so easily refuted so vociferously upheld. 
Whenever such ‘absolute standards’ of achievement have been 
analysed closely, it has been found that the scale, which the examiner 
believes is marked on an invariant linear axis, is in reality etched on 
an unpredictable topological surface* (see Figure 1). 

Е L a a 

о 50 

mark scale (imagined) 


100 


mark scale (practical) 


Figure 1 


*The classical study in this area was done by Hartog and Rhodes in 1935 
—The Marks of Examiners. It was shattering, 50 shattering that most inves- 
tigators have shied away from the topic since. 
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But even if we could assume that equal mark intervals did repre- 
sent some invariant intervals on the achievement dimension, the 
mystique that the fraction 4 has some magical significance іп regard 
to achievement is intractable to logical analyses. The mind, as Wode- 
house would say, boggles. The practice of using one half of the total 
marks as a ‘pass’ mark can be understood, I suppose, in terms of 
its mathematical elegance or its administrative simplicity. But it 
must be abhorred in terms of its educational incompetence and its 
statistical unreality. My own positive and serious recommendation 
is that the words ‘pass’ and ‘fail’, being so often logically and edu- 
cationally and statistically indefensible, should be banned from 
educational discourse, and the concepts they represent be completely 


rethought. 


Achievement Tests and Ordering 


If we are to view with some suspicion the actual mark obtained in 
an achievement test, can we place more reliance on the ordering of 
students that it produces? The answer is yes. There is evidence that 
the rank orders produced by achievement tests are more likely to 
be invariant than actual percentage scores gained—though perhaps, 
again, far less reliable than most people are willing to believe. 

Where large numbers of students are involved (say 200 or more), 
and where there is no reason to believe that either student abilities 
or learning conditions have changed appreciably from one year to 
the next, it is reasonable to assume that the distribution of final 
attainment of successive groups is relatively constant from year to 
year. With this assumption, it is reasonable to give students a grade 
(say from A to E) on the basis of their rank order on the achieve- 
ment tests. 

It should be noted that the grades must be defined by the percent- 
age of students included in each grade, and not by the subjective 
opinions of examiners. Only by some such definition in terms of 
percentage distribution of students may the grade take on some 
stable meaning. 7 у 

One such distribution is shown in Figure 2. In this case a grade of 
A is defined as the attainment of the top 10 per cent of a certain 
student population, a grade of B is defined as the next 25 per cent 
of students, and so on. It should be noted that these grades do not 


refer to any absolute standard of achievement, 
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Sample distribution for defining grades 
Figure 2 


How to Misinterpret Statistics 


What has just been said about grades refers only to large gr оир? 
with ап unchanging composition. The argument may not be applied 
to small groups, such as a single class or even two or three classes. 
It is dangerous to apply the method even to a larger group where 
the group is non-representative, for example, to a school drawing 
most of its members from a particular socio-economic group. — 

We could of course define the grades in terms of the population 
of a particular school, but then we could not compare grades from 
school to school. Unless this is possible the meaning of the grades, 
if not obscure, is at least very limited. 

So it seems that the grading system, which at first appeared to 
hold the solution to our problem of stable assessment of students, 
on closer inspection offers little assistance to the classroom teacher 
who wishes to assess his particular group of students. Ў 

With a privately prepared test of unknown statistical characteris- 
tics, and with a sample of students which is not a random sample of 
all students, the teacher is certainly not justified in using a grading 
system which refers (at least implicitly) to the results of random 
groups on supposedly parallel tests, 


Mastery and Achievement 


But there is a much more cogent argument against the use of 
achievement tests of the type currently used, Pass-fail dichotomies, 
and grading systems in a less obvious way, build educational failure 
into the educational system. Traditions are built up regarding expec- 
tations of failure rates in courses. If the pass rate rises, this is often 
seen as a lowering of standards, rather than an improvement in 
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teaching or a fortuitous improvement in the quality of student. (How 
would you feel about a colleague who, teaching an ungraded class, 
passed all of his students?) In practice, if grades are used, 30 or 40 
per cent of students inevitably receive a D or E rating, which they 
and others will, because of the pass-fail mentality of our system, 
equate with failure. 

Carroll and Bloom, amongst others, have proposed that, given 
sufficient time, all students can achieve mastery of a mathematical 
topic (or a topic in any other subject, for that matter). Some diffi- 
cult topics may require so much time for some students to master 
that it would be quite unrealistic for those particular students to 
attempt that particular topic. Nevertheless there is some evidence 
that very good performances can be produced on many topics by 
students who are generally considered mediocre or poor, provided 
Such students are given appropriate educational treatment. and 
sufficient time. 

The description ‘slow’, then, is not a euphemism for ‘stupid’, but 
an accurate assessment of the fundamental characteristic which, 
in our educational framework, leads to failure. 

When educational programmes are based on personal rather than 
group goals, this inevitability of failure disappears. ‘Slow’ students 
become successful students; but they achieve success in a more 
limited range of topic areas, because the time they must spend on 
each topic in order to achieve mastery is that much longer. 


Components of Achievement Tests 

Analyses of achievement tests suggest that they are usually com- 
posed of two rather distinct classes of questions. The first type of 
item would be relevant to tests of mastery, to be examined in detail 
in the next chapter. The second type of item, which involves general 
problem solving, is discussed in Chapter 5 under the 
heading of ‘Tests of Mathematical Learning’. 

For reasons already hinted at, I believe it is educationally desir- 
able not to compound these two classes of item in a single test 
paper. Much of the abortive discussion on the meaning of examina- 
tion marks and much of their educationally disastrous effects are 


due to this fundamental confusion. 


mathematical 
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CHAPTER 4 
MASTERY TESTS 


What Is a Mastery Test? 


In this book we shall define a mastery test as one which is based 
on the tightly prescribed mathematical content of a course and does 
not attempt to measure students" ability to process unknown mathe- 
matical material or to apply the principles learned to problems of 
an unknown type. 

What sort of questions might be asked in such a mastery test? 
The following are some descriptions of relevant aspects: k 
(a) questions testing recall of basic mathematical facts or generali- 

zations or procedures.1 

(b) questions testing comprehension of the mathematical structure 
of the course topics.? 

(c) questions testing ability to do examples similar to those worked 
during the course, questions which exemplify the mathematical 
performance the course aims at. 

The importance and loading given to each of these aspects on the 
test would be dependent on the stated aims of the course. Where 
Syllabus writers have defined the limits of the course unambiguously, 
the relative importance of each of these should be explicit. In prac- 
tice, test writers generally have to produce their own loadings both 
for topics and skills, Procedures for doing this will be discussed in 
Chapter 9, ; 

In appearance, a mastery test may be very similar to an extensive 
diagnostic test. The interpretation and use of its results are, however, 


very different, and the questions are more concerned with terminal 
behaviours than with learning difficulties. 


When Is There Mastery? 
Students, being human, will always make ‘careless’ errors in 


1These superscripts refer to the sets of questions presented at the end of 
the chapter. 
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thinking and in calculation. So mastery does not need to imply 
perfection. Nevertheless it may be possible for all students to reach 
a level where they can successfully complete 80 or 90 per cent of 
the tasks that are considered to comprise an adequate sample of 
expected performance in a given topic. Many good primary teachers 
achieve this sort of performance from their children by manipulating 
time spent on mathematics to suit the needs of particular pupils. 
Such manipulation of time is easier to achieve in the looser class 
period structure of the primary school. 


Topic Mastery Tests 

It does seem feasible then to produce topic mastery tests which 
students could attempt when the teacher in his wisdom, the child 
in his enthusiasm, or the remedial test in its statistics, indicates that 
the time is ripe. Students would proceed to a new topic only when 
mastery of a given topic was achieved. These topic mastery tests 
could be produced by panels of experts at a central testing agency 
or through the efforts of local groups as described in Chapter 9. 
They would represent goals which were attainable by all students 
at a high level of performance, given sufficient time and sufficient 
diversity of teaching methods and materials. They would both 
eliminate the necessity for failure at present inherent in our system, 
and at the same time provide motivation and satisfaction for 
students. 

I do not think such mastery tests could, or should, include ques- 
tions testing ability to apply the knowledge to new situations which 
differ significantly from previously worked examples. It is my per- 
sonal belief that such tests of ‘problem solving’ or ‘mathematical 
learning ability’, in as much as speed and facility are major com- 
ponents, will always produce wide distributions of scores. But if the 
mastery tests are limited to questions based on ability to compre- 
hend specifically taught material, or to successfully work examples 
similar to those studied in detail during the course, they should be 
produced, and the educational structure should be modified so that 
all children can achieve success in some mathematical topics. 


Let’s Be Realistic 

If you have followed the argum 
your cries of anguish. ‘I’ve got а Sy 
idealistic rubbish.’ 


ent this far, I can almost hear 
Jlabus to cover, you are talking 
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I do not wish to minimize the difficulties in the approach I am 
suggesting, and in Chapters 9 and 10 the practical solutions will be 
discussed in more detail. 

At this stage I would ask only this: even if you have been pre- 
sented with a syllabus, is it better to attempt to push all students 
through it, knowing that there will be many failures with the con- 
comitant emotional rejection of the subject? Or is it better for these 
slower students to cover only part of the syllabus, and achieve 
mastery and satisfaction from those parts successfully completed? 

Is realism surrender to a system which is inadequate, or is it the 
taking of effective action to modify or remedy defects? 


QUESTIONS TESTING RECALL OF BASIC MATHEMATICAL 
FACTS OR GENERALIZATIONS OR PROCEDURES! 


1 In which one or more of the following do the diagonals always 
bisect each other at right angles? 


A parallelogram D rhombus 
B rectangle E kite 
C square 


2 Which one or more of the following is not a member of the set of 
quadrilaterals? If all are members of the set, write E. 


A square C rhombus 
B rectangle D kite 


QUESTIONS TESTING COMPREHENSION OF THE 
MATHEMATICAL STRUCTURE OF THE COURSE TOPIC? 


Topic: Simple arithmetic calculations. Five fundamental laws of 
arithmetic are stated below in symbolic form: 


A a+b=b+a D a(bc) = ab(c) 
B ab — ba E a(b +c) = ab + ac 
C а+ (btc) = (at b) +c 


1 Consider the statement | 
8x9=9x8 
Of which law (A, B, C, D or E) is this a special case? 


2 Consider the statement 
6(12 + 5) = (6 x 12) + (6 x 5) 
Of which law (A, B, C, D or E) is this a special case? 
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3 We cannot state a general law in the form 4 + 6 = 6 + 4 because 
such a statement 
A would not include fractions. 
B is obviously true for all numbers. 
C may be extended to provide many other rules. 
D does not imply that the same rule holds for other numbers. 


E is meaningless. 


4 Which of the following could но! be justified by one of the five 
laws? 
A тх (рха) = (тхр) ха 
B m x (p+q) = тр + та 
C т+ (ха = (mn +p) х (т + а) 
D m+(p+q)=(m+p) +9 


5 Тһе laws of arithmetic may be stated using the symbols a, b, and 
c. Which one or more of the following may these symbols repre- 


sent? 

A positive integers 
B negative integers 
C positive fractions 


D negative fractions 
E zero 
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Date 19...3:..76. ТРЕТА ; 
Асс. NORRA deses coe see 5, 


Я ©. 4 


i ] 
wil- EN" 


a 


CHAPTER 5 
TESTS OF MATHEMATICAL LEARNING 


What Is a Test of Mathematical Learning? 

By our definition of mastery tests we limited the content of such 
tests to items based on specific course content: questions similar 
to those studied during the course, questions testing comprehension 
of the mathematics of the topics taught. 

In a test of mathematical learning, the emphasis is on facility of 
learning, the very factor we wished to minimize in the mastery 
test by giving students varying teaching treatments, and varying 
intervals of time in which to master the topic on which the mastery 
test was based. For example, such tests of mathematical learning 
may include items based on completely new mathematical material; 
or a new mathematical operator or system may be explained and 
the student be then required to answer a number of questions based 
on this new operator or system; or problems may be asked requiring 
the student to apply concepts previously learned to completely new 
situations, Э 

To answer such questions successfully, some ‘instant learning' is 
necessary. In this sense mathematical problem solving is another 
aspect of quick and imaginative mathematical learning. 


Is It Possible to Teach Problem Solving? 


Now it may well be possible to teach directly and effectively the 
heuristics of problem solving so that all students can achieve mastery 
in this area. Certainly assiduous concentration on styles and tech- 
niques of solution and proof in special mathematics topics may 
improve a student's general problem-solving ability. And certainly 
we, as mathematics teachers, might well spend more time attempting 
to teach, directly, such heuristics. 

But very little is known about how to go about this, and for some 
time to come I would expect a student group to exhibit a wide range 
of scores on such a test. 
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Polya has attempted to isolate some of the analytic heuristics 
used in solving mathematical problems, but very little research has 
been carried out at a more elementary level. So for the present we 
must accept the fact that few children will perform well in problem- 
Solving situations as we have defined them here. 

If we examine the nature of the task, this is surely to be expected. 
For problems in mathematics are of an infinite variety—in com- 
plexity, format, style, profundity, imagination and elegance. There 
is no perfect mathematician, just as there is no perfect athlete. So 
it is always possible to separate the performance of any two students 
by taking an adequate sample of mathematical tasks at an appro- 
priate level of difficulty. Н 

Risking an analogy, we could use football skills to mirror the 
difference between mastery tests and tests of mathematical learning. 
Given sufficient time and sufficiently expert and varied direction, 
any normal child can be taught to kick a football a distance of 30 
metres with reasonable accuracy. In a like manner any child can 
be taught to perform adequately the specific tasks required in a 
mastery test. But few children, regardless of their training, have all 
the qualities necessary to make an international football star. In 
integrating all the many specific skills, in reacting swiftly to the ever- 
changing complex situation, the ‘natural’ potentialities of the indivi- 
dual assume more importance, even though specific training is very 
necessary. Similarly there are few among us with the potentiality 
for mathematical genius—though there may be more than we 
imagine. 

Tentative Classification of Skills 

Test constructors are fond of talking about skills. These skills 
are imagined to be the cognitive components of mathematical per- 
formance. They are extruded in a valiant attempt to create some 
order out of the complexities of the situation. As tentative crutches 
to test writing and curriculum development they are useful, but we 
must beware of ascribing to them more permanence and reality than 
they deserve. 

Five descriptions related to pr 
below, They are not mutually exc 


all-inclusive. They are merely useful. x . 
(a) Comprehension of new mathematical material—the new 


material may be a definition, or a description of a new operator 
or system. 


oblem-solving ‘skills’ are given 
lusive nor are they necessarily 
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(b) Problem solving in structured situations—the mathematical 
situation is not completely new, and the problem is so struc- 
tured that the method of solution is hinted at. 

(c) Problem solving in unstructured situations—the problem is so 
stated that little or no hint is given regarding a possible mode 
of solution. 

(d) Ability to follow and construct proofs—normally only analytic 
aspects of proof may be tested in the normal objective tests, 
which do not lend themselves to testing ability to synthesize 
a proof. 

(e) Invention of tentative intuitive solutions—it is very difficult to 
set objective questions in this area, but some attempts have 
been made. 

The intrinsic difficulty of a problem also depends on the form in 

which it is presented, and the form in which the answer is required. 

Problems may be set in forms which are predominantly 

(a) verbal 
(b) symbolic 
(c) spatial 
(d) graphical 
(e) numerical. 

The form of solution may likewise be in any of these forms. The 
complexity of transformation among these various modes of presen- 
tation is thus a very important aspect of the problem-solving situa- 
tion. 

In Appendix II of this book is a collection of items which could 
be used in tests of mathematical learning. Some of the easier items 
would be suitable for Form 2 students, all are suitable for Form 4 
students, and most would discriminate quite well among Form 6 
students. Their relative difficulties for Form 4 students (based on 
results on the Commonwealth Secondary Scholarships Examinations 
from which they have been taken) are indicated on a 1 (easy) to 5 
(hard) scale. 


А detailed list of test categories follows as a useful aid to test item 
writers, 
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DETAILED LIST OF TEST CATEGORIES 


Categories of Knowledge (Content) 
Terminology (e.g. standard symbols, definitions) _ 
Specific Facts (e.g. number facts) 
Conventions (e.g. order of operations) 
Trends and Sequences (e.g. graphs and scores) 
Criteria (e.g. assumptions) 
Methodology (e.g. processes involving equalities and inequalities) 
Principles and Generalizations (e.g. theorems, formulas) 
Theories and Structures (e.g. laws of arithmetic) 


Categories of Skills 


Comprehension 

Translate from one form to another 

Verbalize symbolic and geometrical relationships 

Illustrate mathematical concepts, terms, principles, and processes 
by giving examples 

Explain mathematical concepts, terms, principles 
own words 

Detect errors in definitions, processes, proofs Е 

Identify mathematical relationships in familiar problem si 

Compare related concepts, processes, figures 

Discriminate among closely related terms, processes 

Verify results 

Choose an appropriate technique 

Manipulate symbols to an appropria 

Estimate a numerical answer 

Analysis and Application 

Establish relationships among the data е 

Reduce an unfamiliar situation to а familiar one (seeing patterns, 
isomorphisms, symmetries) d 

Judge the adequacy, inadequacy or superfluity of data 

Judge the correctness of a proof (validate the solution) 

Select the most appropriate formulas, methods or processes to 


solve a problem y 
Solve a problem by using the appropria 
Generalize from data 
Infer from data 


and processes in 


tuations 


te algorithm or technique 


te facts or processes 


Synthesizing 

Formulate problems 

Construct proofs А 
Present а solution in a mathematically elegant manner 
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PREDICTIVE TESTS 


What Are Predictive Tests? 


Mastery tests are designed to demonstrate student mastery of a 
given topic or a group of topics, Tests of mathematical learning n 
designed to measure the facility of students in complex problem 
solving tasks; predictive tests are designed to predict future per- 
formance or to demonstrate suitability for further training. To vow 
pare adequate predictive tests we need to know details of both Ss 
nature of the performance to be predicted, and the training metho 
that will be used to produce that performance. 


Content Validity of Predictive Tests 


Often we are concerned to know whether the student has и 
grasp of that knowledge which is a prerequisite for the next pha 
of the course, Qe 

An analysis of the real function of an end-of-the-year examinan e 
reveals that, administratively, this is perhaps its chief function. P 5 
administrator wishes to know, *Has this child sufficient knowledg 
and skill to cope with next year's syllabus?' the 

To answer this question we should not be looking back at t d 
Past, but forward to the future. We should be analysing the шарі 
Prerequisites of the next year’s topics, and set our test according р 
Perhaps this type of test is more accurately termed a readiness test 
It may be, of course, that this information is already available 1n 


i acd 
terms of mastery tests done throughout the year. If so, the readine 
test becomes superfluous. 


‘Learning’ Validity of Predictive Tests 


We also need to know how the next phase of the course is to x 
taught. Are individual Students to be allowed to progress on a 
topic at their own optimum rate, with diagnostic and remedial he a 
finally to demonstrate mastery of the topic? Or are they to 
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treated as a group, so that facility in learning becomes more impor- 
tant? 

To the extent that facility in learning mathematics is an important 
component of the performance to be predicted, to that extent will 
tests of mathematical learning be important in predicting that per- 
formance. If undifferentiated group instruction is given for a 
crowded course of study, then results on tests of mathematical 
learning may correlate highly with final performance. 

But if, during the next phase of learning, students are to be given 
differential treatment so that all may hope to attain a preconceived 
mastery of clearly defined tasks, then tests of mathematical learning 
Will not be efficient predictors of success. Differing treatments 
result in a levelling out, in a uniform mastery, whereas undifferen- 
tiated treatment places a premium on facility. р 

It could be concluded that, where mastery is the major aim of а 
Course of instruction, then the higher the correlation between a pre- 
dictive test and the results on a course, the more inefficient the 
teaching of that course is proved to be. For those who regard pre- 
diction as the major criterion for a terminal test, this should be an 


interesting speculation. 
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CHAPTER 7 
GENERALIZABILITY 


A test is a test of something. If I am asked what it is that a test 
I have just produced is supposed to be measuring, I might like to 
say, *Here's the test. Read the questions and decide for yourself. 
And there are some test papers, particularly experimental ones 
dealing with complex learning tasks, where the most honest appre- 
ciation of the objectives of the paper is best gained in this way. But 
in general it is the coward's way, a pusillanimous slide from respon- 
sibility. 

Usually we know perfectly well what it is a test of. It isa test of 
students’ comprehension of a specified topic or syllabus. Or it is a 
lest of students! general mathematical ability. Or it is a test of 
students’ ability to proceed to further study. Or, ofteh, it is a test 
which pretends to measure all of these concurrently, and probably 
Succeeds in measuring none very well. 

The fact that a test is a measure involves us in ideas of a scale 
and in ideas of accuracy. The fact that a test is a measure of some- 
thing with many and varied aspects involves us in ideas of sampling 
from a conceptually coherent universe of questions. The fact that 
а test is a measure of something involves us in ideas of the stability 
and meaning of our result. 

АП of these ideas are involved in the idea of generalizability. 
Broadly, the idea is this: given the objectives of a particular topic 
or course, or the teaching or learning prescriptions, one can imagine 
a very large number of questions that could be asked, all more or 
less relevant, all more or less representative of the sort of perfor- 
mance we can expect from the student. For а given test, we must 
sample from this large potential universe of questions so that the 
student performance in miniature as he performs on the test 
accurately mirrors his performance were he to attempt all such 
possible questions, and were we to load each aspect of his total 
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performance to conform to our preconceived idea of their relative 
importance. 

Furthermore, if one such test is produced by one person or group, 
and another such test is produced independently by another person 
or group to the same stated course prescription, the results obtained 
by students on the two tests should be equivalent or at least close 
enough to include an acceptable margin of error. This is what we 
mean by generalizability: the confidence with which we can 
generalize from one set of test results to other sets of test results 
based on independent tests produced to the same basic prescriptions. 
And the confidence with which we can so generalize to other tests 
is the confidence with which we can describe the test as one of 
comprehension of the topic, or mastery of a skill, or whatever it 
purports to be. 


Sampling 
It is apparent that the time available for tes 
in effective sampling. In Chapter 1, we mentioned that one of the 
advantages of the objective format for tests was that it enabled us 
to ask many more questions in the same time than in an essay type 
of examination, and so allowed us to sample the total universe of 
questions more adequately. (Proponents of essay-type questions 
might like to argue that students who 'play the game’ properly 
sample the content and skill field in their answers. This is a valid 
Point. It may sometimes be true.) 
If possible, the relative importance of various topics (or aspects 
of topics), and of the various sorts of mental processing involved, 
should be decided before the paper starts to evolve. In mastery 
tests, where the end performances are relatively clear-cut and 
specific, this is not too formidable a task, But even here it 1s neces- 
sary. It is all too easy to compose a test of questions which are easy 
to set rather than of questions which are important. It is so much 
easier to test recall and to set standard problems, and neglect to 
test comprehension of the fundamentals that underlie the method. 
It is more difficult to produce an acceptable preconceived plan 
for a test of mathematical learning. But it is even more necessary, 
for the same reasons we have mentioned above. 
Having stressed the necessity for preplanning, however, we need 
to go one step further. The plan itself is based on tentative value 
judgments, and is far from omnipotent. Furthermore a test is more 
than the sum of its parts. The good test has a coherence of structure. 
29 
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At the risk of appearing extravagant, I would claim that the really 
excellent test is, in its way, a work of art. After the test {5 produced, 
it is not the analytic plan that should decide its ultimate success, the 
proof of its adequate sampling. Rather it is the looser and yet more 
relevant criterion, the answer to the question, 
taken as a whole, accurately reflect the aims and objectives of the 
learning situation?" If the answer is honestly yes, then the test may 
be a good test. If the answer is no, then regardless of any congruence 
with a sampling plan, the test is inadequate. 

A Measure of Generalizability 


This discussion of the nature of generalizability suggests how it 
should be measured, If two hours are available for testing, two test 
Papers, each of one hour duration, should be produced indepen- 
dently on the basis of the most specific prescriptions available. 
eferably be administered at different times. 


*Does this paper, 
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ANALYSIS OF A TEST 


Item Difficulty 
It is almost impossible to predict how difficult a test question will 
be before it is tried out on a group of students. Particularly is this 
true of the sorts of items written for tests of mathematical learning. 
So after testing, each item should be checked to find what percentage 
of students obtained the correct answer. Our expectations will vary 
with the type of test. 

In a diagnostic tes' 
difficult as students explore each idea in 


they proceed to the final performance task required. 
In a mastery test we might expect 80 or 90 per cent of students 


to get each item correct. Items which prove to be more difficult 
than this could indicate areas in which there has been insufficient 
learning or insufficient teaching. Or this could indicate some defi- 
ciency (irrelevance or ambiguity) in the item itself. 

One of the main functions of a test of mathematical learning is 
to separate students on their general facility in mathematical prob- 
lem solving. Now it can be shown statistically that, if we wish to 
achieve maximum spread of marks from a given number of items, 
then each item should elicit about 50 per cent of correct responses. 
It is general practice in such tests to accept items between the 30 
per cent and 70 per cent levels. If an item is outside this range we 
would need very strong extra-statistical reasons for including the 
item in preference to one with more statistically acceptable charac- 


teristics. 

In a predictive (readiness) test based the 
next phase of a syllabus, we might expect most students to exhibit 
mastery of the items. If they could not do so, then it would be 
apparent that the previous course did not teach those tasks to 
Mastery level, and the teachers of the next phase would not be justi- 


fied in assuming that these prerequisite levels were reached. 


t we might expect the items to become more 
more and more depth, as 


on prerequisites for the 


31 


OBJECTIVE TESTS AND MATHEMATICAL LEARNING 
Item Discrimination 


In tests which claim to measure some generalized ability, it 
would be expected that each item would discriminate between the 
more and less able. That is, if on the basis of scores on the whole 
test we divide the students into an upper group and a lower group 
of equal size, then for each item more of the upper group than the 
lower group should give a correct answer. 


The simplest statistic to use here is the discrimination index (D), 
defined as p — U R E where 


U is the number in the upper 
L is the number in the lo 


group who gave correct responses, 
Wer group who gave correct responses, 
group. 

€ placed in the upper group and the 
Ower group, then for items of suitable 


per cent) the values of D are directly 
iminating power,* 


, there 
ason to expect items to discriminate, 
pect discrimination. 


Pretesting Items 
In the production of tests for commercia] 
items than are ultim 


*Under these conditions the val 
bivariate normal correla’ 
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Errors in Estimate 

It was suggested in Chapter 7 that, where а function of a test is 
to assess comparative merit of students on some sort of perfor- 
mance, it is necessary to know to what extent the results on one 
sample of performance (test) can be generalized to another sample 
of performance (a second test), independently generated. 

This could be estimated by finding the correlation between the 
two sets of scores if it is distributions we are interested in, or the 
percentage of students whose position is changed to the other side 
of the cut-off line if it is some absolute idea of mastery that interests 
us. 

But a correlation coefficient is a rather complex statistic. Probably 
teachers would find it more useful to know the probable accuracy 


of the estimated mark. 

For example, a score of 60 + 5 has 
of 60 = 15 in terms of the confidence we may а 
In mastery tests, we have argued that we are vital 
percentage of acceptable performances of the student, 
estimate of error of this sort is called for. 

Where we have two estimates of a student’s score from two inde- 
pendently prepared tests, the best resulting estimate is the mean of 
the two marks, And if we wish to define the limits as those within 
which 95 per cent of such estimated marks are likely to fall, the 
technique described in the appendage to this chapter gives the sort 
of rough estimate we are seeking. Whilst lacking statistical sophis- 
tication, this method has an honest simplicity that commends itself. 

I believe that, if our professional integrity is to rival that of engi- 
neers, all measurements in education should include such estimates 
of error, We owe this sort of frankness to ourselves, to parents, and 


to our students. 


a different meaning to a score 
ttribute to the mark. 
ly interested in the 
so some 
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ESTIMATE OF GENERALIZABILITY OF ERROR IN TESTS 


Test 1 Test 2 Change in Best Estimate 
Student Scores Scores Score of Score 
1 23 42 +19 33 
2 35 32 =9 34 
3 41 49 +8 45 
4 46 50 ES! 48 
5 47 59 412 53 
6 50 42 E 46 
J 51 63 +12 57 
8 53 49 57 51 
9 55 73 +18 64 
10 59 58 d 59 
11 59 50 ~9 55 
12 60 71 +11 66 
13 61 65 44 63 
n 63 49 -14 56 
15 65 63 255 64 
16 67 80 +13 74 
H 69 74 +5 72 
18 70 65 5 68 
19 n 7 42 72 
20 n 68 - 70 
- n 78 +7 15 
22 74 63 -11 69 
p Е 84 +9 80 
2 H 71 ~6 74 
2 ue 79 +1 79 
19 85 +6 82 
4 a 89 +8 85 
т $5 92 +7 89 
29 87 83 Eri 85 
30 92 


91 

Be within which 95 per cent of marks 
30 students, we may neglect the largest change 
and accept the next highest (+18) as our 95 per cent 


We wish to know the error ran 
Will fall. As there are 

in score (+19), 
value, 


marking, however, th 
The mark of student 7 
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` CHAPTER 9 
HOW ТО PRODUCE AN OBJECTIVE TEST 


pue points in the preceding chapters, Chapter 9 has been 
á up both as a golden carrot and as a palliative to ease the ten- 
tong that arise when the enormity of the task of producing a good 
objective test becomes apparent. “This will be discussed in Chapter 
9, says the text, and so the problem is postponed. 

я Accordingly, whilst you perhaps approach this chapter with some 
xpectation, I start writing it with some trepidation. But one can 
2: try. And the problem is clear, if not the solution. How does a 
classroom teacher, with limited time and limited experience, produce 
а good objective test in mathematics of the required type at the 
appropriate level on the appropriate topic? 


Need for a Panel 

The first point I would like to str 
teacher working alone, no matter h 
most unlikely to produce a really good te 
а-а But it is based on some years of professional work in 
test construction. We know, from bitter experience, that individuals 
just do not see the ambiguities and faults in their own work. We 
know that a test produced by a single person has neither the tight- 
ness and clarity within items, nor the variety and contrast between 
items, of a test produced by a co-operating panel. 

Where will the panel come from? In general, six or seven is the 
Optimum number for a test panel. If you are in a large school, there 
may be sufficient numbers in the mathematics department. Even if 
not all members are concerned with the same level, it may be of some 
value to have all members working together on tests, 50 that the 
Coherence (or lack of it) in the whole course will gradually become 
apparent to all. If you are in a smaller school, there will often be 
other schools in the area from which a panel may be brought to- 
gether. When the school is very isolated, some of the early work of 


criticism can be carried on by letter. 


ess, and stress again, is this: a 
ow brilliant or experienced, is 
st. This is an absolute 
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Function of the Test 


The first requirement in preparing a test is to decide its function. 
What is it supposed to measure? Why is it important that this be 
measured? 

The last question is not a facetious one. The production of a test 
is, as we shall see, a serious business. It is demanding in time and 
energy and thought, both analytic and creative. So if the test does 


not serve some very important function in student learning, it should 
not be produced. 


Type of Test 


Prescription for Test 


As was described in Chapter 7, a test can be analysed in terms 
of its content, its form, and its ‘skills’, 


In mastery tests, these as 
of the course or topic are 


HOW TO PRODUCE AN OBJECTIVE TEST 


be insisted on by the school administration. Nor, for that matter, 
is it necessary that a particular teacher use the same loading for 
different classes. 

Some teachers believe that loadings (the percentage of total 
marks) on a group of questions should be related to the time taken 
to work such questions in the test situation. This is quite unjustified. 
Loadings should be a function of relative importance, which is quite 
unrelated to time taken to test. It may be possible to test one aspect 
of a topic in two minutes, yet take thirty minutes to test another 
aspect of that topic. If they are of equivalent relevance and impor- 
tance, however, their mark loadings should be the same. 

Whilst such initial discussions of analytic prescription are neces- 
sary prior to the writing of items, there is no need for complete 
agreement at this early stage. Often the issues will become clearer 
as the writing and criticism of items progresses. 


Writing Stage 

The writing of test items is a creative act, so items are produced 
initially by individual panel members. j 

Ideas for items may come from studying a rich variety of examples 
(such as are included in Appendix II to this book), from considera- 
tion of difficulties of students, from analytic probings into the 
development of a topic, from clear specifications about the perfor- 
mance to be mastered, or from intuitive and imaginative sources 
that may not be specified. The ideas may come in the hour pot 
aside for writing items, or in a crowded train, or 1n the middle of a 


meal, or in the rich environment of sleep. | 
In books on objective tests, many rules are given about how to 


Write good test items and about the faults that bad items have. My 
advice is just to write them. Then tear them up if on meee n 
think they are not relevant ог are puerile. Tidy them up ca? i 
you can, Then submit them to the panel to iron out the ambiguities 


and faults that they probably still contain. 


Discussion Stage l 
Panel discussions of test items can be shattering to the € 

Wearing to the emotions, and confusing to the mind. But, бда 
in my experience, they are stimulating, extending, mn an 1 
In the early stages, panel members may feel eps Papa ne 
cizing the efforts of their colleagues, who are quic to de esc 

efforts. This is as it should be. But out of such dissension and arg 
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ment comes clarity and, in terms of test items, quality. And gradually 
such criticism becomes accepted not as a personal attack but as a 
co-operative attempt to improve, to modify, and to restructure. 
Criticism of ideas may be directed at their relevance or their 
mathematical accuracy, at their ambiguity or their lack of clarity of 
expression, at their lack of elegance or their over-sophistication and 


complexity. If the criticism is frank and honest, it will lead to an 
improved product. 


Rewriting Stage 
As a result of panel discussion, 
rewrite the item. Sometimes other i 


which supplement the ones initially 


rewrites might be necessary 
produced, 


it will usually be necessary to 
tems may have been suggested 
produced. Often two or three 
before a final set of acceptable items is 


Final Assembly of the Test 


When sufficient items have been produced, the first test can be 


gh items should be available for two 
d out and the best items selected for 
not a feasible procedure in the normal 


DO d Per can be produced and used on future 
The implicati i 
eii ая here is that tests Should, where possible, be kept 


so that they may be re- 
the effort requi ded sis 


this obvious, 


sed. The insight given into 


ired to produce a good test makes the reasons for 
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CHAPTER 10 
INTERACTION 


Whilst thi i i 
| inne seers is specifically concerned with objective tests, the 
is relevant to testing, regardless of the particular form 


of test item. 
Testi 
Enn been presented here as an integral part of the te 
dies £ situation, as an aid rather than an ogre. 
methods suggested for the production of tests have been used 


for m 
any years at ACER and in similar organizations throughout 


the 5 
tha toed XL my belief that, until teachers use similar techniques, 
ht и ui really be of adequate quality. х 
Stet here ie s of the sort of co-operative panel discussions advo- 
tion upon e» ar beyond the mere production of tests. Their reac- 
herero ad e teaching situation 1$ far more deep-seated than the 
There is [e of the few sheets of paper comprising the test. 
Ih. the frank ea a clarification of teaching aims and objectives. 
thal susie, Weg ur of item criticism it often becomes apparent 
ие ching efforts need modification or redirection. It often 
lost the n cea that our aims have become stereotyped, and have 
and "iie: and imagination and relevance to student abilities 
Similarly it at is so necessary. — А 
cation d may be that our teaching methods need more modifi- 
ГЕ ciun. than we have been willing to consider. 
in our SM onus to be gained is the opportunity for personal growth 
hrough n mathematical development that such discussions bring. 
a new cla criticism and discussion many mathematical topics reach 
Аай rity. 
Won we are brought into contact, in an 
Problems on, with people with similar intellectual 
involve to our own. Out of su 
ili b can come both a relie! 
stimul companies much classroom work, 
ulation from the company of colleagues. 


aching- 


atmosphere of frank 
interests and 
ch a rich texture of intellectual 


f from the professional isolation 
and a positive intellectual 
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PANEL DISCUSSIONS AND ITEMS 
FOR A MASTERY TEST 
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FIRST PANEL DISCUSSION 


Noel, did you ask us to come hi 
mastery tests? 


A. specific mastery test. What we want to try and do is get a 
prescription, to tighten our ideas as far as possible at this stage, 


for a mastery test on congruency of plane figures at, perhaps, 
а Form 4 level, 


Before we start, а frien 


ere this evening to talk about 


d of mine has Suggested that anyone con- 
n Writing an objective test should read a 
nny of Testing by Banesh Hoffmann. 

gestions, though not of all of Hoffmann’s 


easy to write questi 


than one, or no, answer. Of course we will make errors, There 


‚ All we can hope to do is produce a good test. 


саге! idea—whereas five answers, 
none of which is Wrong, but one of Which is *more right than 
the others, does force them into this level of distinction. Multiple- 


"mz 
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m Linc dui es qe simple and naive, testing 
cue de des E people believe. T ey can be very sophisticated. 
E gs you want us to think about are those which most 
efinitely are of recall. 
That's right. 
Because in a test, for instance in the more experimental 
matriculation examinations, the whole emphasis is away from the 
recall of facts—to present a new situation, informative settings. 
That is, as far as possible asking the student, can you think? Now 
here we are concerned with just the opposite. Not can you 
think, but can you remember. And this is terribly important in 
teaching. 
And we must remembe 
syllabuses are topic-centred syllabuses, 
students to problem-solve in this area un 
factual knowledge is there. For example, 
gruency, there is no hope of solving problems in plane geometry 
that might involve congruence unless you know under what 
conditions triangles are, in fact, congruent. It’s like trying to 
play chess without knowing the rules. To some extent then, we 
are writing a test on mathematical rules. 
Just one point here, why did you choose congruency? 
It seemed to be an important topic for a test in the spatial area. 
And I suppose I wanted to clarify certain things for myself about 
the whole nature of congruency. This topic has been taught in 
various ways and under various gui for four years. What in 


ises 
fact are the end products? What are the performances you expect 
of students in this area? What would you 


expect all students to 
be able to do? Is there some minimum standard of performance 
and knowledge to expect in this area? That is what І want to 
try and discover. 
This is my point. Perhaps. under the new syllabus, congruency 
is going to be rather a slight topic. So might it not be better to 
take a topic more fundamental to the new courses? 
What spatial area would you suggest? A 
Symmetry. For example there is the question of motion geometry 
which immediately hinges on congruency. Suppose we go back 
to the classical notion of congruence and say that triangle ABC 
is congruent to triangle DEF. Then suppose that a transforma- 


tion occurs and DEF is rotated about the line DF, outside its 
4l 


r that, as currently constituted, our 
so one can't expect 
less the fundamental 
in the topic of con- 
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original plane. Then we get another triangle DEF which is а 
mirror image of the old DEF. Then is the last triangle congruent 
to triangle ABC? It can't be applied to it and fitted to it unless 
it is turned around outside the plane. In the old syllabus it didn’t 
matter. But in the new syllabus with motion geometry it is an 
important aspect. And the good youngster will see straight away 
that rotatory congruency is not the same thing as ordinary con- 
gruence. 

Well, then, the topic is perhaps OK. Even if it's 
it is getting a new-hat treatment. 

That's fair enough. 


an old-hat topic, 


You see, one goes to three dimensions then, and you might 
deny all congruence to the elements in a pair of gloves. They 
can't be superposed. And here the whole question of motion 
geometry has overridden the classical notion of congruence; and 
greatly to the improvement generally, I think, 

This brings up the whole question of what you mean by con- 


ask them to do something, 
Forms 1 to 42 


vioural terms, 
the end produ 
what we have 


teach them, but what 
viour. Because this is 
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R Well, if I could put my own opinion here in terms of geometry, 
I feel that by the time they get to the end of fourth form they 
know geometrical facts. For example, that the angle at the centre 
is twice the angle at the circumference. If they could recognize 
this when they see it. Basically, this is as much as I’d expect. 

So if in Form 5 they see a triangle formed by drawing two 
radii of a circle and they can tell me that the two triangles in 
that triangle are equal, I’m overjoyed. I don’t know if I’m too 
easily satisfied, but they so often in sixth form overlook the 
simplest things. 

J The fact that they don’t see these things in Form 6 doesn’t mean 
that, if they are asked this explicitly, in a test, they won’t be able 
to answer. The problem may be a problem of the context. 

В [admit they have to recognize it in the given problem—in, say, 
mechanics. 


But if it is a specific end product on ‹ 
teaching for this at a mastery level one has a proliferation of 


visual material, from simple to complex, in all sorts of ways, 
covered up and disguised, and in all of these situations they 


have to see the relation involved. 
J This needs to permeate through to other topics rather than be 
treated all at one time. It needs to crop UP through the year. 
N Agreed, you need to keep on coming back at it. But in the 
initial learning situation you probably need a far greater number 
of situations than we have at the moment. 


У In terms of congruency then this would imply that the end pro- 
dent to be able to use the properties 


duct is that you want the stu e 
of congruency, however we define congruency, later on—in 
different spheres, in different areas of work, 

F The end product is a failure t ersity standards 
are concerned. I'd be overjoyed if 15 per cent of them spotted 
congruent triangles in a problem whi І 
questions in statics, the difficulty seems to boil dow 
problem with trigonometry. . 

J Isitthe fact that they've forgotten geometry or the fact that their 
spatial thinking isn't very good? | 

Е I don't know. But this is geometry Jn а sense, and congruency 
in a sense. Because even more fundamental than congruency 1s 
similarity. You find this? е 

В Yes, I was wondering, in fact, just now whether it might not be 
more useful if we took similarity rather than congruence. 


e can teach to it. If one is 


43 


OBJECTIVE TESTS AND MATHEMATICAL LEARNING 


F 


ZAZ 


= 


= 


44 


I would think so. Generally speaking, people aren't interested in 
congruence. Similarity is a more fundamental thing. Young 
children are tremendously interested in drawing a picture. The 
notion of drawing one figure similar to another seems almost 
born in them. Prehistoric drawings seem to shout this at us. The 
human race knew about similarity a long time before it con- 
templated congruency. р 

Is this because in our human experience we are used to seeing 
things at a distance? So everything I look at has this effect of 
similarity? 

Are you saying that, in terms of what we 
mastery, the concept of similarity is more rele 
tional situation in Forms 1 to 4 than congruei 
I think it is. It spills over outsid 
mechanical drawing, into the art courses, and is the foundation 


for the trigonometry, So it is more basic. 


So shall we switch our test to one on similarity of plane figures? 
Yes. 


are saying about 
vant to the educa- 
nce? 

е the mathematics course into 


So we are interested in the end 
associated with similari 
describe the system we 
assumptions, methodol 
Possible to state what 


ystem? Then we can look at the 
4 т, іп terms of proofs of such 
relationships, or use of them in limited problem types. 

p problems? 


Sort of analytic definition of suitable 
mastery tasks? 


It gives an upper limit, I think. 
Some two-step problems c 
mathematical deduction, an 
in a mastery test, 


ould involve 


à Some quite brilliant 
d this is not wh: 


at you are looking for 


"m 


APPENDIX I 


Well then. ТЕ we could work with students up to eight hours per 
week, if necessary, what sort of performance would we expect 


most of them to master? 


Some people believe that in third form the tangent is the trig 
t that as soon as you've 


ratio that is most easily understood, bu 
done the tangent you should bring in the whole six trig ratios 


at once. They think this gives students a feeling of real confi- 
strict themselves to sin 


dence, and that it's a pity teachers ге 
and cos, What do you think? 

This cuts across the idea of restricting 
to call them ratios—to а right-angle triangle. 
Yes, but for youngsters who have been brought up on boy- 
scout geometry, those ratios are the very thing they need to 
give them some practical control over situations. To do the 
theory as most advanced teachers do these days, to think of 
circular functions out of the blue, is an entirely different 
approach, and I suppose it’s only the brighter youngsters who 
will see that these are expressions of the same basic ideas. 
Well, would we expect mastery of the six trig ratios in the 
triangle situation, or not? Are we going to £O this far or are we 


going to stop short of trig ratios? 
It depends on the sophistication o 
idea of the sign of a sine as too abstruse, and 
as it were, to the womb, so à sine is opposite over 


Have you found this? . 
Well, we've taught, over the past five years, sines and cosines 


in terms of multipliers instead of ratios. So you can have a 
go round to 180°. 


negative multiplier. This enables you to 

Having done this sort of thing, of course, you find that some- 
body at the back of the room starts saying something about 
opposite over hypotenuse. 
It’s annoying how some sim 


more crucial things don’t. . m 
I think though, in terms of similarity, if you're going right 


through to fourth form, whether you think of it as à multiplier 
(and perhaps approach it through dilations) ог whether you 


do it from thinking of similar figures. then getting on to ratios, 
whichever way you teach it, this is something you expect them 
:ng about dilations, you might start 


to know at the end. Talking l 
with drawings in Form 1, e they get to Form 4 
one of the expressions 0 


your ratios—if you want 


f the student. Some regard the 
like to go back, 
hypotenuse. 


ple things stick in the mind and other 
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One of the things that should be tested in this pues pecia 
i i f trig ratios. Ani eq 
is а thoroughgoing knowledge о: т А ir 
i know sine and cos 
is, how many of them? They must с 
Макау must be absolutely perfect in finding them from tables 
and never add the differences for cos. 
The way out of this, of course, is not to use cos. 
Always take the sine of the complement? 
Yes. . 
Well, then, a thoroughgoing knowledge of sine and tan, — 
Surely the first question that Should be asked in a test of t R 
nature is something like—give two photographs of identic: 


objects and perhaps a third situation, and ask which two photo- 
graphs show similar figures. 


You mean test the actual concept of similarity? 
Yes. 


4. Some students may only be 
he, at least intuitively, under- 


implies? This question of trigo- 
nometry may enable you to diffe: 


rentiate between the Form 3 
and Form 4 student, 
What mathematical concept of similarity do we expect him to 
have? What are th 


€ assumptions or conditio 
that define mathematical similarity? 


Would you say the words ‘same 
Not to me, but th 
me to be a purely 
Yowre looking for 
Press it down like 
Would you sa 


ns or specifications 


shape’ were mathematical? 

ey may be to mathematicians, This seems to 
intuitive idea, 
something more anal 


ytic. Something that will 
ап equation, 


how do you get 


these multiplier and dilation ideas 
You can bring in the multiplier. There is a fair amount of 
intuition in it then, | 


Most of the children are Used to working with cameras, and 
understand how One ph 


| Otograph can Бе ап enlargement. of 
another. This brings in, with 


t tis b Out having said so, the notion of à 
conical projection. 

Why even go to a camera? Why go past the human eye? Equality 
here for rich and poor! 


EN E 


х 2 


2 = 
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Are we in fact almost in the position with similarity as with 
any sort of system in physics, when you reach a stage where 
you say—I am the observer and I know what, for example, 
force is? Do we have to break out of the closed system and say 
we know what is meant by something? 

Are you going to take similarity then as an undefined notion? 
You could start there but you need this analytic stage as well. 
Are we satisfied with it as an undefined notion in non-rectilinear 
figures, with its analytic counterpart as well in rectilinear figures? 
Is this the sort of mastery we expect? 

But we also want to include circles. 

But all circles are similar. 

I'm thinking in terms of circula 
linear, so you can get the stained- 
What sort of analytic concept would they have with arcs? That 
the multiplication of the radii is the same factor as the multi- 
plication of the straight side. Is this the only way of getting at 
this? 

Well, I do it through t 


r arcs perhaps combined with 
glass window type of problem. 


he dilations all the time. We start by 


defining what a dilation is and then measurement can give them, 
he early stages. Then simply make use 


if you like, the facts in t ' 
of these facts for recognizing dilation when it's taking place. 


How do you define dilations? 
Simply by a multiplier. So you might have say a dilation of 2 
from a given point. This means we join any point to that origin 
and we double the distance. You are of course assuming that 
a straight line under dilation will remain a straight line, and so 
you are assuming invariance. So you can dilate triangles, and the 
fact that they have equal angles becomes obvious in their 
measurement as with equal ratios of sides. And they can do the 


same thing to the circle. 
Should they have mastere 
Form 4 level? 

Oh yes, and it should co 
Well, we're concerned wi 
end product it's really irre 


2, 3 or 4. 
So we've reached the point where we agree first that the 


concept of dilation is fundamental and essential to the idea of 
similarity, and there are various assumptions here about invari- 
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me much earlier in the course. 
th end products, 50 if it is a necessary 
levant whether it's taught in Form 1, 


— 


OBJECTIVE TESTS AND MATHEMATICAL LEARNING 


а = 2 


няни 


ance of straight lines and circular arcs under dilation. We would 
expect them to know that these are assumptions. 

The number of sides in a polygon. That's an invariant too. 

This points out that you can't isolate one particular thing entirely. 
It must be connected somewhere. 

In terms of methodology there is an implication here as to how 
the system is described. Do we need to make any comment on 
the relation of this idea of similarity to real Space? Do we expect 
any differentiation between the mathematical system we've pro- 
duced for similarity and real bits of string in space on the earth's 
surface? 
Real bits of string are a model of a real line. 

This is the crux. We're dealing with an analogue. 


I think you could say a model is an imitation of the real thing. 
That's why my wife complains, ‘Don’t call me a model.’ The 
three-dimensional thing comes in here in this idea of models. 

Are you saying that the pieces of string are the model for the 


mathematica] System, or the mathematical line is the model for 
the string on the earth's surface? 


The pieces of string are the model. The straight line is the real 
ing. 


This 
Perh 


In this test, are i А 
сое ри T€ we going to stick to plane figures or not? Is the 


mensional aspect so im Ort; 
- ^e ant that 
test just on similarit: R one shouldn’t set a 


à Y of plane figures? As for th kid 
is the solid conc s t or the average kid, 
mastery? ept too complicated to expect him to reach 


We must expect him to master 


а the three-di $ 
Is it better to introduc ee-dimension 


€ the three-dime, 
Situation? 
milarity of What’? 
ng models, 


al in Form 4. 
nsional situation and not 


= 


= 
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existence of similarity. It is similarity that makes the notion of 
models possible. 

Could we perhaps call it similarity in three and two dimensions? 
Somewhere along the line we should bring in something of the 
idea of generalization. And from two to three dimensions we 
have this situation. 

How important is this generalization from two to three dimen- 
sions and specialization from three to two? Is it something to be 
stressed in the mastery test or is it more an aspect of higher 
level problem solving? 

For the mastery test perhaps you are getting at the recognition 
of the patterns in the dilation equation. - 

Recognition of this pattern is the important thing. а 

Not quite true, I don't know quite how you teach this unless you 
can bring it down to some basic rule. 4 
You expect then definitely to master this square and cubic 
relationship for areas and volumes of models? 
Yes. 


What other general relationships and conditions would they be 


expected to know backwards? What theorems, if you like, are 


essential? 

I don't think they should be able to prov 
recognize patterns. д А < ; 
I was thinking more of the relationship rather than the proof. 
What theorems would we expect them to know so well as to be 


almost self-evident? 
Pythagoras. 

Is Pythagoras in similarity? E 
Well, the conventional proof involves similarity. 

It comes out of similarity—but us it be p" of a mastery 
test in similarity in three and two dimensions? — 

Certainly. soa without Pythagoras you don't eed we 
$120 + cos'9 = 1. And this is tremendously p ar x on 
this is Pythagoras in disguise. For mastery they should Xn 

si an, and Pythagoras. 
Perhaps аа Меза this we haven't uos ры s 
the application of things we discussed previous ly to i 
sets of figures. For example, if we take particular sets 0) n. >. 
we can work out a set of tests: for example, equivalence o! 
angles is the sort of thing we could test in a mastery test, very 


directly. 
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I think that this is perhaps going right back to the beginning. 
As well as being able to spot that under a dilation you have a 
pair of such similar figures, the ratios of which are the dilation 
factor, you expect them to prove that the angles remain constant. 
Would you expect them to know that if ratios of two sides and 
included angles are the same, then the figures are similar? 

I don’t think so. Though there are occasions where this gives a 


neater solution to a problem. АП angles and all sides seem more 
reasonable. 


I agree. 

This is too esoteric then? 

So much so that most books refer t 
Are there, in this area, an 
essential to reproduce? 

A theorem, you mean? 
Yes. 


I would say not. Though they need to be circumspect. If they 


adrilaterals they will know that it’s not 
Е gles that are involved but also the angles 
between diagonals and sides. So there is а good deal of caution 
involved, 


I agree they shouldn't get the idea that corresponding angles 
always work, 


o it as the ambiguous case. 
y proofs which you feel would be 


dilation, Th 
ing. 
mptions of the s 


ystem. Is this OK? 
these sorts of thi 


But once they’ve done this I'd be quite hap 
it. 
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N This is one of the problems in maths for kids of course. It is 
difficult to specify exactly what it is we do want them to retain, 
and so much is peripheral to the main themes. If they know 


exactly what it was they had to be able to do and know, the 


whole task in terms of achievement as measured by mastery 
tests would be a somewhat simpler one. 

R The crucial thing here is time. If you have a month to teach 
sin? + cos? = 1, for example, the better students, the ones you 
want to keep interested because they will continue with the 
subject, have it clear after the first week. To do this involves 
streaming of classes. 

N More than that. The educational implications of mastery are 
quite vast. If you have standardized tests, the very nature of 


this testing animal presupposes individual rates of progress to 


a large extent. You can bring groups together at various times 


for discussion, but largely the progress is based on individual 
rates. In addition, syllabuses will need to be far more relaxed. A 
decision must be made. Is it better that this poorer group of 
students cover the whole syllabus at a 30 or 40 per cent level 
of mastery, or is it better that they cover half of the syllabus 
at 85 or 90 per cent of mastery so that at least they get some 
sort of satisfaction out of the whole procedure? My feeling is 
that the latter course is a far more satisfactory educational 
situation. But it’s quite impossible to realize it when everyone 
does the same syllabus, and the length of that syllabus is deter- 
mined largely by the speed of progress of the upper half. Most 
secondary school syllabuses involve teachers in a rush job. 


ERY TEST ON THE TOPIC 
TWO DIMENSIONS’ 
prepared by the 


PRESCRIPTION FOR A MAST 
‘SIMILARITY IN THREE AND 
for a mastery test was 


The following prescription р 
eding discussion. 


author on the basis of the prec 


Concept of Dilation 
(a) invariance of straight lines, ci 
under dilation 
(b) equality of corresponding angles 
(c) equal ratios of sides equal to dilation 
(d) areas proportional to M? 
(e) volumes proportional to МЗ 


rcular arcs and number of sides 


factor M (multiplier) 
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Concept of Similarity 
(a) recognition of pattern 
(b) generalization from 2D to 3D 
(c) specialization from 3D to 2D 


Test for Similarity in Plane Figures 
(a) triangles 
(b) polygons 
Trig Ratios 
(a) tan A, sin A, cos A 
(b) sin?*g + cos?g = 1 
(c) Pythagoras 


FIRST DRAFT OF ITEMS P 


REPARED FOR A MASTERY TEST 
ON THE TOPIC 


‘SIMILARITY IN THREE AND TWO 
DIMENSIONS’ 


ORIGINAL ITEMS: SET A 


Questions 1 to 9 refer to the following diagram: 


A 


2 


ОХА, OYB, OZD are coplanar rays 
ОА = 3(0X) Ор = 3002) 


ОВ = 30Ү) 
Мате ап angle equal to ZXZY. 


What is the magnitude of the ratio OR ? 
What is the magnitude of the ratio = ? 


XZ 3 


ZY ~ 2° What is the Magnitude of the ratio 28 i 


ll 


If/ XZYisa right angle, what trigonometri 


ZY cal function is represented 
y thi TE 
by the ratio ? 
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7 И/ XZY is a right angle, what trigonometrical function is represented 
by th ti DP ? 
he ratio — ? 
AB 


area of AXYZ 
8 What is th it f И) 
is the magnitude of the ratio amor AABD 


9 If the rays OA, OB, OD are not coplanar, then 
А the answers to Questions 1 to 8 would be unchanged. 
B the answers to Questions 1 to 8 would all be changed. 
C some of the answers to Questions 1 to 8 would be unchanged, 
D 


and some would be changed. 
it would not be possible to obtain answers to Questions 1 to 8. 


ORIGINAL ITEMS: SET B 


m long on level ground; at the same time 


1 A tree casts a shadow 10 
casts a shadow 1 m 25 cm long. How high 


an upright stick, 1 m high, 
is the tree? 

2 x is a number. What circular function 
of x must be used as a multiplier in eac 


(or trigonometrical ratio) 
h of the following? 
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3 Given a pair of compasses and a scale (ie. a machine-divided 


straightedge), how many measurements (or direct comparisons) 
would you need to construct 


(i) а model, not to any par- - (ii) an exact copy of the fol- 
ticular scale? lowing diagram? The arcs 
are all circular. 


4 To make a scale drawing RF (representative fraction) } of the 
one shown, sides could 


be measured, and corresponding to them, 
others constructed, ог certain angles could be measured and 
Specified. The least number of sides which could be treated is 
ә but then ...... e angles would need to be copied. The 
Which could be treated is 
need to be copied, 


se. angles would 
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SECOND PANEL DISCUSSION 


There are two basic aspects to discuss about these items: 
firstly, are these the sorts of things we would expect mastery 
of at Form 4 level? Secondly, can they be improved? Are they 
valid, and are they clear and precise? 

About the information. Should we delete 3 (under the first 
diagram in set A) and replace it with А? 

This makes it a bit more difficult. 

Yes, I wanted it to be as simple as possible. 

It may be logically simpler but it is psychologically more diffi- 
cult because the diagram is not drawn to scale. 

Perhaps the solution is to make a better diagram. 

I think so. 

Now, as I understand it, this test is to test the whole range of 
mastety from Form 1 to Form 4. Shouldn't we first check that 
they know what is meant by similar figures? Some Form 3 
children just mightn't be able to do this question and we want 
to know why. MS 
This is true. Some teachers may not be teaching the topic in 
this way. Nevertheless, if these are the fundamental aspects, the 
basic concepts, we should make this the test. The teaching will 
follow if it is accepted that these are the basic areas for mastery. 
I just feel there should be a question one stage prior to this area 
at a more elementary level, simply testing whether they know 
what is meant by similar figures. 

Have you got one then? 


Just a rough idea. You put down successive diagrams and ask 
them to draw lines to do mapping on similar figures. Doing this 
you can test whether they can differentiate things which are some- 


i 1 i imilar. 
tim imi m those which are mathematically simile 
тне ht back to the basis of similarity 


in prehistory. It's devoid of vocabulary. NA 
I'd agree. o a different line, but somewhat similar, should we 


ask them something about the transformation? Given this on 
mation on the diagram, ask what transformation would pro x 
triangle 4DB from triangle XYZ? Not that I'm ап Lege ol 
labelling things; but if they can say ‘this is a dilation’, then they 
are thinking along the right lines. ; Е 
This could be written as а multiple-choice, perhaps? 
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This would be good. They would just have to print the right 
word rather than memorize it. | 
At Form 3 level verbalization is required, so I would think 
mastery involves the actual knowing and recall of the words, 
so I would not approve the multiple-choice, 

What question would you ask? 

What kind of transformation or mapping (whichever word you 
want to use) would produce triangle ABD from triangle XYZ? 
Would you accept only dilation? Or is enlargement OK? 
Either of those. Even projection might be acceptable. 

This is one of the problems of leaving it open-ended. In multiple- 
choice format you can Specify the various types of transforma- 
tion in their normally acceptable mathematical usage. 

Coming back to this point of difficulty, I think we must cater 
for those who are not at Form 4 level. So with terminology, 
perhaps the multiple-choice might be better. 

We could come at this from the other direction and ask which 
one of a set of diagrams Tepresents a dilation. Going from verbal 
to figural rather than the other way round. 

Perhaps someone could prepare some items along these lines 
and we will discuss them at the next meeting. 

Well, would someone like 10 comment on Question 1? 

Are we going to be very fussy about ideas of angles equal to, oF 


should we Say equal in measure to? 
Some teachers 


magnitude an 
their interest, 


Name an angle equal in measure to.’ How's that? 
Good. 


are fussy about differences between measure and 
d the like. Tt would be a pity to do this against 


Can angles be equal other than equal in measure? Can the 
Statement mean anything else? 


Well I think the i 


= 
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You're tending to do something because it's thought to be 
rigorous. But perhaps you're doing just the opposite. 

Perhaps the more the teacher knows about this, the more flexible 
he is likely to be. 

Let's leave it as measure then we won't upset anybody. 

Isn't it marvellous how, when you're setting these papers, though, 
this is what develops? You learn such a lot yourself. 

Rather. We all learn from this sort of discussion. 

Question 2 now: you say what is the magnitude of the ratio. Now 
ratio is a number so it can't have a magnitude. 

*What is the value of the ratio?' Is that right? Question 3, 4 and 
5 need to be changed in the same way. 
How do you score number 4? 

Perhaps 2 marks for 5 correct answers an 


4 correct answers? 
Yes, it is the sustained effort that should bring rewards. 


Is there any advantage in not giving the number? Let them look 
for all the possible ratios. 
Another way is to ask them to 
how many such ratios are there. 
Ask two questions out of it. 
Yes. 

I'd be agreeable to that. 

It could have advantages fro 
There would also tend to be less careless error 
way. We don't want to penalize transcription errors. 
What about Questions 6 and 7? 
These are like the questions in S 
up of trigonometrical functions wit 
to approach trigonometry through two aspects, 
confusion. a 

I prefer the more straightforward approach in Set B. h 
Question 8 gives us area. But then Pd like to add a Van E 
question about comparison © yramids OABD an 
OXYZ. 

Excellent. $ we've accepted, are 


Looking back now at the eight question < 
these the sorts of questions we want to ask? Are they basic and 


fundamental enough for а mastery test? 
No school boy of 300 BC should have been unable to answer 


Fi 


d 1 mark for three or 


list two other ratios. Then ask 


m the point of view of marking. 
s if handled this 


et B. I don’t like this linking 
h ratios. Unless we are trying 
there could be 


f volumes of p. 
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. That's pretty fundamental. y T 
о DE this, should we have а question prune 
initial question of the concept of similarity with this g а 
questions? A question to bridge the gap between the phy: 
Situation and the mathematical definition? m Nia 
Could one ask a verbal question about why this is a ся xd 
Or could we produce four sets of diagrams, some of whic 

thematically similar figures, some not? Я 
араа ig a game, and the word similar does have oo 
different connotations in mathematics to what it has in every КА 
usage. Here it has а Very precise meaning, and we need to 
this meaning down. А 
Yes, we need а question to see if they can separate the collo 
quial meaning of similar from its mathematical meaning. 

Such a question should be devised. i roe 
Perhaps you could try it, John. It might be possible to do 


> А е tive 
either through alternative diagrams or through alterna 
verbal descriptions, 


РИ try. Let's 8o on to Set B now, 
Question 1 is a 


any Form 1 stud 
This is still part 


t 
Piece of straight-out boy-scout geometry tha 
ent should be able to do, 


of the mastery we need at Form 4. — 
You mention the Bround is level and the stick upright. 
about the tree? 


It doesn’t matter, 


Height will be taken as vertical height? 
Yes. 


; т ici a 
Perhaps leave out upright so that there isn't the suspicion of 
trick. 


ГА prefer to have ап upright tree—to tighten rather than loosen 
it. 

This question isn't anything new, This is a little naive in a in 
It isn't really practical, It works for tall trees, but not for sho 
bushy ones, 


Perhaps we Should make ita flag pole. i 
This solves one Problem. But it still isn’t the sort of imaginative 
thing the child might want to measure. Let's get something not 
50 old-hat, and mo, 


те practical, 
High buildings have problems, 
You might measure 


the height of an edge rather than the total 


7 ABs 


25 = 


К How is this different from the similar triangle questio: 


2 AZAZ» z 


= 


яя 
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height, because of masking. 

Something like the dome of St. Paul's Cathedral. 

Or a TV transmitting antenna. 

The bother with the dome of St. Paul's is that some kids will know 
the height. 

Perhaps it should be a check measure. Could you check the 
height of the Twickenham goal posts ? 

We could give what the height of the goal posts is supposed to 
be. Then give information, and ask them to calculate the height. 
It could be more practical and done by line of sight rather than 
shadows. 

Do we want it verbal or do we want a pictorial representation? 
Would the question ever appear in verbal form except in an 
exam? 

Perhaps we just ask how they would estimate the height. 
That’s a bit wide open. They might drop a string from the top. 
Perhaps they could be given a surplus of information. Give too 
many measurements. Ask which measurements they would need 
to calculate the height. 
ns asked 
in Set A? 

Mathematically it may be very similar, but the situation in which 
the problem is presented is much different, and this makes it a 
quite different problem for the student. 

This is meant to be a problem then? 

A type with which they are familiar. 

I like this idea of asking what measurements are necessary. 
Then we could also go on to ask them to calculate the height. 
If they can’t answer the first question, then they won’t be able 
to answer the second. 
Theoretically, but not in practice. Test items don’t work that 
way. Sometimes the easy question is missed and the difficult one 
is correct, Perhaps you could rewrite that one in two parts then. 


Now what about Question 2? 

This kind of thing can produce initia 
students can master it. 

Let’s call it trigonometrical function, not ratio. 

Perhaps you could solve the problem by giving an example. 
If the kid is not sure what a circular function is, but you mention 
cos or sin or tan to key him off, then he knows exactly what 
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you mean. The word might stop them, but given a bit of help 
they might get the five right. ve ^ as 
Could a diagram be given showing the unit circle with projections 
on the axes and the student asked to write the function Е’ 
sented by a particular segment? This would do the same sort o 
job. 

A piece of charity. à 

We must remember this whole test could be described. e 
‘charity’. Our expectation is for 90 per cent. If we had the rig à 
diagnostic tests they wouldn't do this test unless they were almos 
certain to get 90 per cent. 

This is surely a fundamental ste 
Certainly. 

What about this last one? 
whole six functions? 


For mastery, I think we decided on sin, tan, cos only. That's 
the way I interpreted the last meeting. But we could write it 
with the function on the bottom of the fraction. r 
One final point about the use of x, Are most candidates going 
to be familiar with the use of sin x? 

Would you prefer 4? 

What is 4 now? 


A is the number which is a measure of the angle. А is not a point. 
Is this confusing? 


Perhaps an А inside the triangle with an arc in it? 


Don’t put an are around it or they'll think A stands for an 
angle. А is a number, 


Do we write then that A is a number which is a measure of the 
angle. 


р which it is necessary to test. 


Should they have mastery of the 


No. It's а number, full stop. 
In terms of the diagram, perha 


Ps we should say that A is а 
number less than 7 


Surely the number must be related to the diagram? And how is 
it related to the di if it i 
This is the probl 


Perhaps we could Say A is a number associated with the angle 
marked on the diagrams, 


а 12 
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Is this right? This is a practical situation. The mathematical 
model you are going to use to solve this is one involving circular 
functions. So you must then associate the circular function in 
your model with a measurement in this diagram, and you don't 
want to say that the circular function is the measurement of the 
angle but that there is a one-to-one relationship between them. 
Is this the situation? 

Yes. But you can't put all that into the question. If you put A 
in the diagram, you don't have to explain and all should be well. 
They know the rules of the game. 

One thing I'm not clear about myself in the teaching of this— 
and teaching and testing are interrelated—is how one does make 
the link between the idea of the circular function of a number, 
and the looking up of the sine of 30? from a set of tables. 


п 
That's all right. Degree itself is a number. Degree means 180 


Just a number. So 30? is 30 times this number. 

The point is whether we should be labouring this functional 
aspect at this stage, when books of tables are so basic. 

We haven't yet written any items to test their skill in looking up 
tables. These are obviously necessary. 

Let's go on to number 3 now. 

I can't do this. 

Is it more the sort of question for an achievement test rather 
than a mastery test? 

I'm not sure of the processes here. When you say how many 
measurements to construct that large semi-circle, I’m not sure 


what this means. 
The answer is none for a model. АП semi-circles are similar. 


For a copy any single measure (of say radius or diameter) will 
define the size of the semi-circle. 

If these are the two points they got at, perhaps the answer could 
be asked more directly. It seems very subtle as set here. 

The student may not be too clear about exactly what is meant 
by measurement. 

Perhaps the way you've phrased Question 4 is a neater way of 
approaching it. You’re getting back to the figure instead of talk- 
ing about measurements. 

That comment about all semi-circles being similar is the sort of 
thing I’d envisage in those very early questions. 
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Perhaps you could draw two different shapes of ellipses for the 
case where they're not similar? 


Which one or more of the following is not true? 
A All equilateral triangles are similar. 
В All right-angled triangles are similar. 
С All ellipses are similar. 
Гуе got something like that here. In which of the following sets 
are the elements all similar: 
the set of circles 
the set of rectangles 
the set of houses 
the set of cubes 
the set of people 
the set of right-angled triangles? 
Isosceles triangles? 
This is more verbal, of course, 
Perhaps this question is Closer to what we want for a mastery 
test. 
Could we have a second Part to this? If you knew it was a semi- 


circle, how many measurements would you need to take? This 
question could be asked also, 


Could we Stop now for a сир of tea? 


Yes. 
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CORRECTED AND NEW ITEMS FOR A MASTERY TEST ON 
THE TOPIC 'SIMILARITY IN THREE AND TWO DIMENSIONS' 
1 Study the following sets of objects. Then, draw a single line con- 
necting pairs of figures which appear to be similar. One such line 
(between the two circles) has already been drawn for you. 


А 
A, 
^ 


Attempting to estimate al 
varying orientation, 


5 6 


bility to recognize similarity whilst 
measurement, dimension, etc. 


2 For which one or more of the following sets is the relation 'is 
similar to’ valid for all pairs of elements? 

the set of semicircles 

the set of rectangles 

the set of houses 

the set of cubes 

the set of people 

the set of right-angled triangles 

the set of isosceles triangles 

the set of congruent triangles 


mommoou» 
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Questions 3 to 11 refer to the following diagram: 


A 


2 


D 


OXA, OYB, OZD are coplanar rays 
ОА —3(0X) Ор =30Z) ОВ = 3(0Y) 


3 Name an angle equal in measure to / XZY., 


OB 
4 What is the value of the ratio or 2 


AD 
5 What is the value of the ratio xz ? 


XZ 
List two other ratios of sides equal to the ratio AD' 


XZ 
7 How many ratios of sides, each equal to Ap: Сай be found? 


XZ 3 DB 
= i ioc 9 
27-5, what is the value of the ratio ар’ 


9 What is the value of the ratio ei АЕ ? 
area of AABD 


and some would 


be changed, 
D it would not be p 


Ossible to obtain answers to Questions 1 to 8- 
11 What is the value of the ratio 


volume of Pyramid OXYZ 
volume of pyramid OABD ? 
64 
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Questions 12 to 14 refer to the following diagram: 
Y 


OX and OY are perpendicular axes 
and PBC is a unit circle 


12 What is the value of sin 4? 
13 What is the value of cos A? 
14 What is the value of tan A? 


Questions 15 to 18 


A is a number associated with the angle marked on the diagrams. 
What circular function (or trigonometrical ratio) of A must be 
used as a multiplier in each of the following? The first example 


has been completed for you. 


p q 
q — r (sin A) 
P 
E di. onem А) = а 
15 
b с 
B 1 BO ees А) =1 
16 
т 
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Questions 19 to 21 


Each of Questions 19 to 21 illustrates а geometrical shape. In each 
case you are told the name of the Shape. You are to specify how 


many measurements you would need to make of each shape in 
order to construct a similar shape. 


square-based right pyramid 


Semi-circle 


Questions 22 to 24 
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cylinder 


isosceles triangle 
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circle 


TR 


а B 
r4 Calcutta i 
А А 
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TEST ITEMS FOR TESTS OF 
MATHEMATICAL LEARNING 


Major Categories 


Lination of 
I Analysis in a structured system: Where the сотыпай 


ed А the 
data and questions is such as to indicate relatively clearly 
way to a solution. 


"E or no 
II Analysis in an unstructured system: Where there is little 


2 ion. 
clue in the question of data regarding the method of vie edd 
ПІ Read and comprehend new mathematical systems: Where 


; well 
is emphasis on the development and comprehension of a 
defined structure, 


IV Follow and construct a proof. 


Sub-categories 


.1: ta 
A Verbal: The analysis required of the material in m mu 
is mainly an analysis of verbally expressed rela 
ships. 
ES ta 
B Tabular: The analysis required of the material in the da 
is mainly an analysis of data in tabular form. ma 
C Graphical: The analysis required of the material in the 
is mainly the analysis of the graph. | data 
D Figural: Тһе analysis required of the material in the 
E 
F 


is mainly an analysis of figural relationships. 
Symbolic: The analysis req 


is mainly an an. 
The analysis re 
is mainly an а 
Difficulties Difficulties are indicated by a circled number, thus ©. 
The relative difficul 


3 n 
ties are for Form 4 Students based on results ©! 
the Commonwealth S 


uired of the material in the data 
alysis of symbolic relationships. а 
quired of the material in the da 

nalysis of numerical relationships: 


Numerical: 
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Difficulty Percentage of students giving correct answer 
More than 70 per cent (easy) 

Between 56 and 69 per cent 

Between 45 and 55 per cent 

Between 31 and 44 per cent 

Less than 30 per cent (hard) 


0000 


I ANALYSIS IN A STRUCTURED SYSTEM 


А VERBAL 
1 John is three times as old as Peter. In two years' time he will be © 
twice as old as Peter. Peter's present age, in years, is 


A. 3 D9 
B 5 E none of these 
e 7 


Questions 2-5 
Read the passage belo 
ing. These statements are all true con 
For each conclusion state the letter о 
which must be used to reach it. 
(K) In the space flight of a rocket a factor called the mass-ratio 


is most important. 

(L) The take-off mass of any roc 
called the pay load, dead weight, and fuel load. 

(M) The pay load is the mass of the compartments used for 
carrying explosives, scientific instruments and controls, or 
pilot and crew, and their contents. 

(N) The dead weight is the total mass of the rocket structure 
plus all motors, fuel pumps and such like ; and the fuel load 
is the mass of the fuel carried. 

(O) After the fuel has been used up, t 
form the remaining mass. 

(P) The mass-ratio is the ratio о 
remaining mass. 

(Q) Thus, if the take- 
15 tonnes, the mass-ratio je. 

(R) The higher the mass-ratio, the grea 
greater the range of the rocket. 

(S) When a single-stage rocket is fired, it travels less than its own 
length during the first second. 

(T) However, the velocity of a S 
rapidly, and it is about 13 m/sec at 


w carefully and then statements 2-5 follow- 
clusions based on the passage. 
f the sentence in the passage 


ket is the sum of three quantities 


he pay load and dead weight 
f the take-off mass to the 


off mass is 45 tonnes and the remaining mass is 


ter the fuel load and the 


ingle-stage rocket increases 
the end of the first second, 
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26 m/sec at the end of the second, 39 m/sec at the end of the 
third, and so on. 

(U) Soon the velocities become very large, partly мам bs 
rocket is losing weight steadily as its fuel is consume ne 
partly because the effect of the motor increases as the roc! 


is less 
reaches the thinner layers of atmosphere where there is les 
resistance to its motion. 


ity of 
Half a minute after take-off a single-stage rocket has a velocity © 
the order of 400 m/sec. 


2 d t 
If two rockets have the same dimensions and take-off mass, z 
one has a mass-ratio of 4: 1 and the other a mass-ratio of 3: 1, 
then the rocket with the 4 : 1 ratio will outdistance the other. 


If improvements ‘in scientific 
smaller instruments, it w 
for a given pay load. 


ind d 
instruments result in lighter о 
Ш be possible to use more instrumen 


If in a rocket the fuel load accounts for more than half of the 


take-off mass, then the fuel load of this rocket exceeds the pay 
load and dead weight. 


Questions 6-8 


A man who wishes to give up smoking enlists the aid of a friend 
Who agrees to sell him Cigarettes charging 2p each on the first ws 
4p each on the second day, 8p each on the third day, and so 0 
(ie, doubling the Charge on each successive day). The smoker 
buys cigarettes оп 


A re 
y from his friend, and is unable to spend mo 
than £2 on any one 


day for cigarettes. 


Which one of the following is the first day on which he is unable 
to buy a Cigarette? (He m. 


: ay not buy fractions of a cigarette.) 
в de e : 25 D the eighth day 
enty-first day Е d 
C the fifteenth day E the sixth day 


E 16 
F more than 16 


[0] 
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8 If he buys all the cigarettes he can afford for the first 3 days, what © 
is the average price in pence that he pays per cigarette over these 


3 days? 
А less than 4 D exactly 5 
B exactly 4 E more than 5 


C between 4 and 5 


9 This question concerns negative numbers. One of the statements (©) 
given is false. Select it. 
A The result of the addition of two negative numbers is always 


a negative number. 
B The result of the subtraction of two negative numbers is always 


a negative number. 
C The result of the multiplication of two negative numbers is 


never a negative number. 
D The result of the division of one negative number by another 


is never a negative number. 


Questions 10, 11 
A man lost in the Sahara desert walked according to the following 
pattern ([] represents а missing number): 
5 km north, 3 km east, 2 km south, 
1 km west, O km north, 5 km west, 


7 km south, and finally, 2 km east, 
at which point he could go no further, and was then located due 


west of his starting point. 
10 What number does the [7] represent? © 


11 How far was the man located from his starting point? © 


© 


12 The number of years in Emily's age is divisible by itself and 
exactly four other whole numbers greater than 1.In two years time 
xactly four whole numbers excluding 


it will again be divisible by € : ong 
itself and one. Which one of the following could be Emily’s present 


age in years? 


A 12 С 28 
B 18 D 32 


f things which may be lost out of p dozen @ 


13 The least number o Й à 
t be grouped in lots of three is 


things so that the remainder may по! 
А 1 С 4p—1 
В 2 D 4p 
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14 Temperatures on the Fahrenheit scale (R) are obtained by multi- © 
plying the corresponding Centigrade scale temperature (S) by 9, 
dividing this answer by 5, and then adding 32 to the result. The 
formula so obtained can be rearranged to give an expression for 
S in terms of R. Which one of the following correctly expresses 
this transformation? 


д s Rz 
ET 


5 
D S-gR-2 
5(В — 160 5(R – 32 
bas cm в 
9 9 
5 
C S-gR-160 


15 Poultry food costs £20 per tonne (1 tonne — 1 000 kg). Which gie O 


of the following is the average cost per day of food for 160 hens if each 
hen eats an average of 250 8 of poultry food per day? 


A £0.80 D £5.00 
B £1.00 E £7.50 
С £250 


Questions 16, 17 


There аге several temperature scales which have been used № 
Scientific work, Two ОЁ these are the Kelvin scale and the ReaumUr 
scale. 273° on the Kelvin scale is almost equivalent to 0° Reaumut 
(freezing point of Water) and 373° is almost equivalent to i 
Reaumur (boiling point of water). Between the two ‘fixed’ points 
"des the freezing Point of water and the boiling point of gae) 
e Reaumur temperature scale is divided into 80 equal inter? 
each of Size 1 Reaumur degree, Similarly, the Kelvin scale is divide 
into equal intervals each of size 1 Kelvin degree. 
к Опе of the following changes in temperature on the gu T 
A r ings Would correspond to a change of 10° on the Kelvin scale 
В 8° 73 


16 


"pes Ing be on the Kelvin scale? 
pe D 100* 
eei E 293* 


18 


19 


20 


21 
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The story is told of a man who was cursed, and the curse was 
extended to his sons and their sons unto the seventh generation. 
Now he had ten sons, and they each had ten sons, and they each 
had ten sons, and so on unto the seventh generation. Assuming 
his sons are counted as the first generation, the total number of 
people cursed is approximately 

A the population of Great Britain. 

B the population of London. 

C the population of the USA. 

D the population of Asia. 

E the population of Brighton. 

Е 71. 


To build a fence a contractor charges £2 per metre plus £1 for each 
post. If the distance between the centres of adjacent posts 1s 3m, 


how much does he charge to build a straight fence 18 m long? 
A $54 D £42 

В £39 E £43 

C #41 


The average weight of eight members of a rowing crew is 71 kg. When 
e weight of the crew and 


the weight of the cox is added in, the averag 
cox becomes 68 kg. 

The weight of the cox is 

А 43kg D 52kg 

B 44kg E none of these 


C 49kg 


А girl has п cubes, all of the same size, from which she tries to 


build a big cube. Nearly finished, she finds that she does not have 


enough cubes to complete the building of the big cube ; just B 
row along one edge is missing. If the big cube needs 216 ѕта! 


Cubes to build, how many cubes has the girl? 

A 6 D 200 

B 144 E 210 

С 162 Е 216— п 
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i il 1973 € 
22 The average weekly wage for adult males in Scotland at esl 
was £36.01. The average wage for adult females was state е 
to the wage for adult males less 25 per cent. Which one of the Го 


i emale 
gives the annual wage of a female worker paid at the average fe 
wage rate? 


3601 25 3601) _ 100 
^ [eC - | D = [ (52 х-т00 ) ^ 125 


3601 100 3 601 =] 
2601.00 EN 
B : (52 «35 * ix) Е Et 100 


c sls 3601 75 
x 
100 


* 100 

The pilot of a jet fighter must be conscious of the time his г © 
can be closed when he blinks quite normally, as it amounts dis 
Short blackout period. On an average this time is 0.3 secon in 
State which of the following is closest to the distance n 
would have moved during one of these normal ‘blackouts’ W 


s 
he is travelling at 2 000 km/hour. NB 36 km/hour is the same speed à 
10 metres/second, 


А 2m D ikm 
B 15m E 6km 
C 150m 

Questions 24-28 


Each of the followi 
taining some infor 


; E ion con- 
ng questions consists of an initial section 
Sufficient to answe 


T t 
mation and a question. The information cite 
т the question. Following this initial section Medi 
ате two additional pieces of information (1 and 2). Consider t 
carefully and then circle on your answer sheet А о 
А if statement (1) alone is sufficient additional information = 
answer the problem but statement (2) alone is not sufficie o 
if statement (2) alone is sufficient additional information i 
answer the problem but Statement (1) alone is not gium. 
c if both statements (1) and (2) together are sufficient addition 

= ola to answer the problem but neither alone is S" 


B 


if each of statements a " р Е 1 infor- 
i and t additiona 
mation by itself to ) (2) is sufficient а. 
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When a body slides over a rough surface there is a reaction force, 
N units, perpendicular to the surface, and a friction force, F units, 
along the surface. These forces are related by the equation F — uN 
where и is a positive constant. Is the force F larger than the force N? 
(1) The value of и varies from one situation to another. 

(2) wis less than 1. 

n town Italian or German or both are spoken 
75 per cent of the population speaks 
the population speaks both Italian 


In a certain Austria! 
by the entire population. Only 
Italian. What percentage of 
and German? 

(1) Only 83 per cent of the population speaks German. 

(2) Only 17 per cent of the population cannot speak German. 


there are 250 boys and 200 girls in a 


At the beginning of one year 
he next year has the number of girls 


school, At the beginning of t 

decreased by 25 per cent? 

(1) The number of children in the second 
the first year. 

(2) At the beginning of the second 
school. 


year is the same as in 


year there are 300 boys in the 


ABC is any triangle. Is the side BC shorter than the side AB? 
(1) ИСАВ = 60° (2) AB= 20m 


The following is a set of five numbers, on 

2, 5, 10, 15, 26. Which number is out of 

(1) The remaining four numbers have 
numbers. 

(2) The remaining four numbers 
perfect square. 


e of which is out of place: 


place? 
factors which are prime 


are each one greater than а 


Consider the four statements below concerning numbers which 
lect the two that are true. 


may be negative or positive, and sel 
А If two numbers are equal then their squares must be equal. 


B If the squares of two numbers are equal then the numbers 
themselves must be equal. 

C Iftwo numbers are not equal then their squares cannot be equal. 

D If the squares of two numbers are not equal then the numbers 
themselves cannot be equal. 

A shopkeeper increased his original stock by 20 per cent and then 

sold 20 per cent of all his stock. When he checked his stock against 

the original stock, he would expect 

A no difference. D 

B 4 per cent decrease. 

C 4 per cent increase. 


5 per cent decrease. 
E 5 per cent increase. 
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31 Following an outbreak of an epidemic in the town of е © 
two doctors made initial and independent recommendations a EN 
the area that should be quarantined. One week later they bo 
decided to change their recommendation. 

Doctor X (eer UMEN ie person be allowed to move 
more than 10 km from the post office (area I). 
Amended recommendation—no person be allowed to move 
more than 5 km from the post office (area 2). Є 
Doctor Y initial recommendation—all persons be restricted within 
an area of 300 square kilometres (area 3); BET 
Amended recommendation —all persons be restricted within 
an area of 150 square kilometres (area 4). 
With respect to the four areas it is correct to say that 4 
A area is greater than area 3 and area 2 is greater than area ^- 
B area 1 is greater than area 3 but area 2 is less than area 4. 
C area 1 is less than area 3 but area 2 is greater than area 4. 
D area 1 is less than area 3 and area 2 is less than area 4. 


à M © 
32 A girl aged Seventeen is left £x in her grandmother's will. e 
money is put in trust for four years until she turns 21. If the epe 
Invested earns interest at 5 per cent per annum calculated on ily 
original capital (i.e, simple interest), then the girl will eventua 
Teceive 
£6x 
A == D £5x 
B £x4 20) E none of these 
ег 
5 
a Q9 
33 А rectangular lawn, x m long and ym wide, is surrounded Ede 
ра bed such that each point of its outer edge is p m distant ter 
t © nearest part of the lawn. The total length in metres of the ОЧ 
Perimeter of the Barden bed is 
А Ax + 
B Ax + p 4p) AE ul pes 
Chee dye Е 2x +» + яр) 
B TABULAR 
Questions 34-36 
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VOTES 
Ist 2nd 3rd 4th Sth 
220 EN REC [22s | 5 
2,9]? 3 7 
H 
Е 2 
8 | | 
< 
6) se | | 2 4|4 
ОТЕ Е S 
Ex 


A candidate is automatically elected if he receives 35 per cent or 
more of the first votes. If less than two candidates are automatically 
elected, then the other candidates are arranged in order of pre- 
ference by awarding 5 points to a candidate for each first vote he 
obtains, 4 points for each second vote, 3 points for each third vote, 
and so on, and totalling the points so awarded. 


34 The number of second votes received by candidate Q is Ф 
А 2 р 8 
Brig E 20 
С 5 


35 Which one of the following statements follows from the infor- @ 


mation given? 

Only candidate P was automatically elected. 
Only candidate 5 was automatically elected. 
Only candidate R was automatically elected. 
Both candidates R and $ were automaticall 
No candidate was automatically elected. 


y elected. 


бояр 


36 The two candidates finally elected were 
А candidates P and К. D candidates 5 and T. 


B candidates R and T. E candidates P and 5. 
C candidates К and 5. 


Questions 37-40 refer to the following table and information: | 

The following statistics represent the results of an examination of 
900 candidates. The examination comprised 12 questions, each of 
which was worth a maximum of two marks. 


TI 
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Question 


No. 1 2 3 4 5 6 T 8 9° A0. 1L B 
N 897 688 705 722 820 692 600 693 703 796 467 402 
B 562 328 172 45 335 154 60 54 543 348 82 8 
2, 20 194 143 326 268 111 270 121 8 38 150 325 


N is the number of candidates attempting a question. 
B isthe number of candidates achieving full marks on a question. 
Z isthe number of candidates achieving zero marks on a question. 


37 What percentage of candidates attempted Question 7? 
A 3315 per cent C 55 per cent 
B 10 per cent D 66% per cent 
38 What percentage of candidates who attempted Question 7 obtained 
full marks? 
А 675 per cent C 15 per cent 
B 10 per cent D 45 per cent 
39 How many carididates obtained full marks on both Question 7 and 
Question 8? 
A 600 D 14 
B 693 E There is not sufficient 
С 114 information to tell. 
40 me question was answered most successfully by those who did 
А 1 со 
В. 2 р 12 
Questions 41-43 
Th i : : А 
таа Blves numerica] Tatings of 10 articles on three charac- 
Article Characteristic Characteristic Characteristic 
G) (ii) (iii) 
а 5 16 9 
В 12 3 
e 3 7 16 
D 2 14 5 
E 17 5 
H Э 15 18 
S $ 10 
H 11 4 
I 20 12 6 
d 1 10 15 
78 


APPENDIX П 


It is possible to make an ordered selection from the articles for a 
given purpose by applying a fixed rule to the numerical informa- 
tion. For example, if we selected according to the rating on charac- 
teristic (ii) we would take the articles in the following order 
А, Е, D, I,J, etc. 

In each of the questions the order of selection for the first four 
articles, using a fixed rule, is shown. In each case you are to find 
the next article that would be chosen. 


41 D,C, A, G,... (hint: based on a single characteristic) [0] 
42 F,C,J, G, ... (hint: based on a single characteristic) Q 
43 F,L 7, A, .. .(hint: based on all three characteristics) [9] 
Questions 44-48 refer to the following information: 
The decimal system is the normal system of counting in tens. 
The tertiary system is a system of counting in threes. 
The octal system is a system of counting in eights. , 
The table below shows some equivalent numbers expressed in each 
of the three systems. 
Decimal Tertiary Octal 
0 0 0 
1 1 1 
2 2 2 
3 10 3 
4 11 4 
5 12 5 
6 20 6 | 
7 21 7 | 
8 22 10 | 
9 100 11 
10 101 12 
44 Write the decimal number 15 in the tertiary system. e 
А 5 D 113 
B 120 E 300 | 
C 12 
45 Write the decimal number 16 in ir^ "d system. [o] 
A2 
B 18 E 121 
C 24 | 
46 Write the tertiary number 222 in the decimal system. [0] 
A 26 D 34 
B 22 Е 222 
C 20 
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47 Write the tertiary number 201 in the octal system. © 

A 15 D 209 

B 20 E 23 

С 201 Ф 
48 Write the octal number 17 in the decimal system. А 

А 13 D 19 

B 15 E 21 

C 17 


Questions 49-53 


Index of Industrial Production 1957 — 100 


2 Wood Paper Metal | Textile , Other 
Period | Total industry mm industry | industry | industries 


195 | 100 100 100 100 100 100 
1958 1H 99 115 11 109 111 
1959 114 78 122 113 110 116 
1960 117 82 134 115 116 117 
1961 113 87 134 107 113 109 
1962 123 98 144 120 125 120 
1963 140 122 167 140 143 132 


The above table shows the dey 


7 = іоп 
1 elopment of industrial productio 
In à certain count 


ту over the period 1957-1963. The year 1957 Was 
taken as the base for this table (100 units of production), and the 
production in subsequent years Was expressed in terms of this p 
For example, in the wood industry the production in 1959 was £ 
per cent of the 1957 Production. 


Use this table to answer the questions following. 
49 The Braph depicts the dev 


+. in the 
P. d elopment of industrial production In ies 
^ wood industry, D paper industry. 
textile industry, E other industries. 
C metal industry, 


Industrial production relative to 1957 


80 997 195819591960 1961 1962 1953 


50 


51 


52 


53 
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The industry whose industrial production advanced most rapidly 
in any one year of the 1957-63 period was the 


È wood industry. C metal industry. 
paper industry. D textile industry. 
The increase in the total industrial production in the 1957-63 
period was 
A 22 per cent. D 43 per cent. 
B 32 per cent. E 67 per cent. 


C 40 per cent. 


relative to the previous year's pro- 


The smallest positive increase, 
tion, occurred in 


duction in the total industrial produc 


А 1958. р 1962. 
В 1959. Е 1963. 
С 1960. 


Suppose two graphs, X and У, are plotted on the same set of axes 
and using the same scales. (You are not required to draw these 
graphs.) If X is a graph of the industrial production of the textile 
industry, relative to 1957, for the period 1958-63, and Y isa 
similar graph for the metal industry over the same period, then 
the number of intersections of the two graphs would be 


S D 3 
21 E impossible to tell from 
c2 the information given. 
х| 31| 2] 3 
ZELE that is when x = Qy-i ec 
»|(813|12|27 
the following 


The above values of x and y are related by one of 


types of formula (k is a constant): 

Type I y= м 

Type Il xy = k 

Type HI у = kx? TT 
Select the appropriate formula, and having determined which it is, 
find the value of k for this particular set of values of x and y. 


Questions 55-57 i 
same or every 


mins is not the 
and sex о 
n in the 


f the person and 
following table 
only five of 


The daily requirement of vita 
person. It depends on the weight, age 
on his state of health. The figures give! 
therefore apply to a fictitious 
the vitamins. 
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Daily Number of milligrams in a serving 
requirement | - 
8 m : Water- Wheat- | Tuna | Egg | Liver 
milligrams | Milk |Cheese| Celery! melon | Banana вні 
| 03 | 26 
A 5 9:3 | 8 [оз | 0-6 0-2 " Me] pua 
B, 1-1 0-1 | 0-02 | 0-04 | 0-05 0-04 | 0.5 |0 05 oe 4 
B; 1-5 9:5 10-4 [0-1 | oos | 0:05 | o2 |o 3i 
[o 100 3-0 8-0 | 6-0 10-0 А a nos | ua 
Niacin 17 0-3 02 | 02 0-7 r3 ji 


А ; day, ® 
55 Ifas many as 10 seryes of the foods listed could be given each 


| ; nts 
how many, by themselves, could provide the daily requireme! 
for all of the 5 vitamins listed? 


A 0 D 3 
B 1 E 4 
с 2 


" i n. @ 
56 Оп one day а single serving of each of the foods listed is eate 
This would provide 


А the daily re 
B the daily re 
C atleast hal 


57 


-germ 
cheese 


Questions 58-60 


Im parallel lines have no intersection ; they separate a plane into 
TCBIODS. If a third line jg drawn to intersect the first 2, there are 
2 Intersections and 6 i 


i au i ine is drawn to 4 
intersect all the Preceding 1; а fourth straight line 
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Number of straight lines 2 3 4 5 
Number of intersections 0 2 5 ? 
6 10 2 


Number of regions 


Complete the following statements: 
58 With five lines the number of intersections is? 
59 With five lines the number of regions is? 


60 With eight lines the number of intersections is? 


Questions 61-63 


61 


62 


city of 100 000 articles. Its pro- 


A factory has a production capa 
o fixed costs and variable costs. 


duction costs may be grouped int 
Fixed costs are incurred regardless of the volume of production. 


Var iable costs are proportional to the volume of production. That 
is, if the production is doubled, variable costs are doubled. 

For full production (100000 articles) the following costs are 
estimated. 


iste = оон 0% 
Materials = - - - - = ^ ^ ^ £40 000 
Manufacturing fixed costs - = ^ ^" ^ £10 000 
Manufacturing variable costs - = ` ~ £20 000 
Administrative expense - = ^ ~ ^ £20 000 

. -= #20 000 


Selling expense - ~- 


Note that: 
G ) labour and materials sho 
(ii) the selling expense is 50 per cent vari 
(iii) administrative expense is fixed ; . 
(iv) the only revenue is from the sale of the articles. 


uld be considered as variable costs ; 
able, 50 per cent fixed ; 


For full production, what is the value of the fixed costs? 

А £10000 C £40000 

B £30000 р #160000 

For half production, what fraction of the total costs are variable 
Costs? 

А + c 3 

В 4 Di 
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is woul 
63 If 80000 articles are produced and then sold at £2 each, this v 
sult in 
а a profit of £40 000 D a profit of £24 000 me 
B neither a profit nor a loss Е a profit of more than 
C aloss of £20 000 


Questions 64-66 


: ifferent 
You are sales manager for a fuel refinery, making three di 
grades of fuel, represented by P, Q, R. 


t : table. 
The sulphur content and price for each grade is listed in the 


R 
Grade В Q 

1.4 
Percentage weight of sulphur 22 1.8 a 
Price per tonne (£) 58 62 


То vary the percenta 
two or three of the th 
Any fuel, either ap 
sample. 


Each statement below co 
а customer, 


You are to write 


A if you can meet neither r. 
B if you can meet rei 
Separately but not t, 


if you can meet ri 
together with just 


mix 
ве weight of sulphur content you may 
ree basic grades, 


ure d as a 
rade or i i rred to 
g a mixture, is referr 


е i d by 
nsists of two requirements stipulate 


Е у. 
equirement X nor requirement 


; taken 
quirement X and requirement Y 
ogether, 


x taken 
equirement X and requirement Y 
one sample. 


" ; taken 
requirement X and requirement Y 
е than one sample. 


hich is not covered by A, B, C, and D. 


с 


if you can meet 
together with mor 


if a case occurs w| 


[o] 
64 Requirement x. 4 fuel of not more than 1 per cent sulphur 
Requirement Y—a fuel Costing exactly £76 per tonne 
| @ 
65 Requirement ха fuel of not more than 2 per cent sulphur 
Requirement Y—a fuel Costing not more than £60 per tonne 
66 Requirement X—a fuel of i 
R 


ting exactly £62 per tonne 
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Questions 67, 68 refer to the following information : 


When a cylinder floats vertically in a liquid, as shown in the diagram, 
a certain fraction ( f.) of the block is in the liquid. If ds is the density 
of the block and d, is the density of the liquid, then it is known that 


The density of any object is calculated by dividing its mass by its 
volume. 


Below is a list of facts about various liquids, and a cylinder: 


density of water —1000kgm^? 
density of kerosene = 845 kg m^? 
volume of cylinder = 0.25 т? 
area of cross-section of cylinder = 125m* 
height of cylinder = 0.2 т 

= 175kg 


mass of cylinder 


he least number needed @ 


67 Р А in the list, what is t ie 
Of the six facts given т hich is above the liquid 


to determine the fraction of the cylinder y 
level when the cylinder floats 1n kerosene? 
А 1 сз 


В 2 р 4 


inder is below the surface when the cylinder @ 


68 What fraction of the cyl 
floats in water? 


А 4 D i 
B i E $ 
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Questions 69-71 


The following diagram relates to Questions 69-71. 
Average no. of shells per 10 square metres 


y= sg рт 
100 80 60 40 20 20 40 60 80 100 


Top of beach 


high water 
neap level 


mean tide level 


low water 
neap level 


low water 
Spring level 


TypeX Type Y 


The diagram represents the results of an experiment designed to 
determine the distribution of two types of shells (X and Y) on a 
beach. The distribution of shells was only measured to low water 
spring level. The distribution shown above can be taken as repre- 
sentative of the distribution over the whole beach. р 

Use the information given above to answer the following questions. 


69 Туре X shells are © 
A probably not found in quantity below low water spring level. 
B more plentiful at low water levels than at high water levels. 
C foundon the beach in about the same numbers as type Y shells. 
D evenly distributed over the whole beach. 


70 Туре Y shells © 
A are distributed over the whole beach. 
B are found higher up the beach than type X shells. 


C do not appear to be found above mean tide level. 
D do not occur below low water spring level. 


71 There will be more type y shells than type X shells on the beach. @ 
A between mean tide and low water neap levels. 
B at mean tide level. 


C between low water and hi 
D atlow water neap level, 


86 


igh water пеар levels. 


Questions 72-75 


Number of mice surviving 


N 
o 


72 


73 


74 


1 


40]--- -1----=---1-- -3 


2-242-2-4---4--- 


An experiment was condu 


newly-born mice were 
smoothed graph above $ 


at various ages (horizonta 


tions 72-75. 


Which one of the following is the 
from the beginning of the experim' 


original population had 
А 2 months 
B 6 months 
C 10 months 


Which one of the follow. 


ber of mice that died wi 
A 75 
B 60 
С 35 


Which one of the following is t 
mice ај 


centage of the original 
months after the start о 
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12 16 
Age (months) 


cted on the life span of white mice. 100 
isolated and not allowed to breed. The 
hows the number surviving (vertical axis) 
1 axis). Use the graph to answer Ques- 


closest to the time that elapsed © 
ent before exactly half of the 
died? 

D 14 months 

E 18 months 


ing is the best approximation to the num- ® 
thin the first two months? 
p 30 
E 25 
Е 20 


he best approximation to the per- © 
t died between 6 months and 12 


f the experiment? 
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А 5 per cent D 30 per cent 
B 15 per cent E 45 per cent 
C 20 per cent F 50 per cent 


75 Consider those mice that survived for the first 6 months. Which @ 
one of the following is the closest to the time that elapsed from 


the beginning of the experiment before exactly half of these had 
died? 


A 6 months D 24 months 
B 12 months E 30 months 
C 18 months 


Questions 76-79 


The column graph below shows the population, area of cultivated 
land, weight of agricultural products, and income from agricultural 
products for 5 country regions in a given financial year. 


Arbitrary units 


[1 Population 


rea of cultivated land 


Weight of agricultural products 
E Income from agricultural products 


76 1f the population of rej 


Bion Q is approximatel 50 000, which one 
of the following is the js Г E 


best approximation f. 1 lation 
«eim ons р! ation for the total populati 
A 100000 D 1 million 
B 250000 E 5 million 
С 500000 


77 Which one of the regions P, Q, S, T, V has the greatest total land @ 
area? Write М if you think that 


г there is not sufficient information 
in the graph to answer the question, 
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78 For which one of the regions P, Q, S, T, V will the income from ®© 
agricultural products per cultivated hectare be greatest? Write М if 
you think that there is not sufficient information in the graph to 
answer the question. 


79 For which one of the regions Р, О, S, T, V is the average income © 
from each tonne of agricultural products the least? Write N if you 
think that there is not sufficient information in the graph to answer 
the question. 


Questions 80-82 


8 
= 


о 
о 


о 2 
о о 


Speed (km/hour) 


The above graph shows how the speed of a man’s car varies over 
the first 5 minutes of his journey to work in the city. A speed “a 
of 60 km/hour applies throughout the journey. It is possible to o zw 
from the graph the distance the man has actually travelled, but for the 
purposes of this set of questions let this distance be x km. 


80 Forhow long was the car stationary during the part ofthe journey ®© 


shown in the graph? | 
А + minute D 1j minutes 
B i minute E 2 minutes 


C 1 minute 


81 For how long did the man actually exceed the speed limit for the © 


part of the journey shown? 
А 4 minute 
В 4 minute 
C i minute 


p 1 minute 
E none of these 


82 If the man had been able to maintain à constant speed of 50 km/hour G 


for the 5 minutes, he would have travelled 
A less Cures E D either A, B or С, depend- 
B xkm ing on the value of x. 


C further than x km 
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90 'The numbers along each straight line of the magic hexagram X @ 
add up to 26. To develop from X the magic hexagram Y, each 
number x on X is replaced by (n + 1 — x). 


Hexagram X Hexagram Y 
10 


The value of n is 


A 0 D 9 
B2 E 12 
сб F 13 


Questions 91-93 refer to the diagram, which has been drawn to scale 
and represents an irregular block of land. 


91 The shortest straight section of the perimeter is of length Ф 
А а E e 
B b Е; 
С с G & 
Dd 


92 Which one of the following correc 
other symbols as possible? 


A ac— b 
B d—c 
C b — (atc) 


92 


ЧУ expresses x in as few of the © 


D с+а-ь 
Е none of these 
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93 Which one of the following expression 
M M g exp s does not correctly express © 
A b(d+e +f) + xd + f(b — а) 
B a(d 4 e- f) (b — a) (d +e) + dx 
C (а+с) (а+е+}) – fe- ех 
D a(d +e +f) + cd + еб — a) 


Questions 94, 95 refer to the following diagram and information: 


Disc P lies on disc О. The diameter of disc О is twice the diameter 
of disc P. The diameter of disc P is x. 


94 The area of disc P is Ф 
A X D 4x 
B 2x E none of the above 
€ 3x 

95 The fraction of the area of disc Q not covered by disc P is © 
A 4 D 4 
B 4 E попе of the above 
C * 


paper has a sector of angle 90° cut from it © 
the remaining sector are joined without 
formed. 

remaining sector 


96 A circular piece of 
The two straight edges of 
overlap so that a cone is 


oe m 


ь removed 
f the following correctly gives the 


i one 0: 
beue of the cone as a fraction of the origina] oec the curved 
A t D 3 of the circle? 
Bt E 3 
c + 
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97 In the diagram, the diagonals AC and BD intersect at P. © 
B 
A 
gu с 
D 
The number of triangles illustrated by this diagram is 
А 4 D 10 
B6 E 12 
Cc 8 


98 The solid lines in diagrams 1 and 2 show two different paths © 
between P and Q. What is the length of the path in diagram 2? 


2units 


€— ——2units ———> 
Diagram 1 


Diagram 2 


99 This figure shows two sets of parallel lines. How many different G 
parallelograms are made by these lines? 


100 A white spot is painted on a bicycle wheel at X: 


X 
radius of wheel = 24.4 cm 
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To a person sitting on the ground and carefully watching the white 
spot as the wheel is rolled along a level surface, it would appear 
to trace out the path as shown. 


Y 


not drawn to scale 


To the nearest whole number the value of x is 


A 12 D 25 
B 13 E 49 
C 24 


Questions 101-103 


The diagram illustrates the decisions made by a man when con- 
sidering the relative merits of seven different television sets, repre- 
sented at P, Q, R, 5, T, U and V. The man made his decisions by 
considering the sets in pairs. 

Q 


U 
The diagram is interpreted as follows: 
ТУ set P was considered superior to О. 
ТУ set P was considered superior to R. 
ТУ set T was considered superior to P, and so on. 
Use this diagram to answer Questions 101-3. 


101 Which one of the following sets was considered superior to set R? (2) 


A setU D set Q 
B setT E set 5 
C st V 


95 


OBJECTIVE TESTS AND MATHEMATICAL LEARNING 


102 Which one of the following logical arguments is not supported © 
by the diagram? 
Argument A: 
set P is considered superior to set U 
set T is considered superior to set P 
-set T is considered superior to set U 
Argument B: 
set P is considered superior to set Q 
set S is considered superior to set P 
“set 5 is considered superior to set О 
Argument C: 
set U is considered superior to set V 
set R is considered superior to set U 
«set R is considered superior to set И 
Argument D: 
set V is considered superior to set T 
set R is considered superior to set V 
«set R is considered superior to set T 


103 Suppose you depend entirely on the man's judgment, as represented [o] 


in the diagram, when purchasing a TV set, Which one of the 
following sets would you purchase? 


A setP D set 5 
B set Q E set U 
C set R 
Questions 104-106 7 
Two triangles have dimensions as shown. For each of the following 
statements write 
Е if the statement is contradicted by the information given in the 
diagrams ; 
T 


if the statement is true for the information given in the dia- 
grams ; 

C if the information given in the diagrams is not sufficient to 
determine whether the Statement is true or otherwise. 


x 


10cm 2 
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104 The length of XY is less than the length of YZ Ө) 
105 АВ = Зст e 


106 Angle XYZ = 55° 


Questions 107, 108 


From the 60 matches in a box a boy builds a pattern thus: he 
forms a square with 4 matches (call this layer 1) ; to this he adds 
3 more equal squares, as shown shaded in the diagram, to form 
layer 2; he continues to add layers in the same manner, so that 
after each layer is added the pattern is always a complete square ; 
the boy stops when he has added as many complete layers as pos- 
sible with the 60 matches. 


ГИ 


2 


SS 
SS 


2 


107 How many complete layers will the pattern have? Ф 
А 2 р 5 
B 3 E 6 
C 4 Е тоге than 6 

108 How many matches will be left over? © 
A 0 D 3 
B 1 E 4 
C 3 F more than 4 


Questions 109-112 


The diagram shows the face ofa fruiterer's automatic weighing machine 
with the pointer pivoted at P. The top scale is marked in kilograms 
(weight-scale) and the scales under it are marked in pounds sterling 
(price-scales). £1 — 100 pence. Provided that he knows the price per 
kilogram of any fruit, the fruiterer can use the scales to read off, either 
without any calculation or with only simple addition, the price of any 


fruit he weighs. 
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L 
X 


OA j 


Price-scale 8 


; ; ition 
For example, tomatoes cost 60p a kg. For the pointer in the posi 
shown the 


bs: ; k 
fruiterer can say that he is weighing approximately 5.8 kg 
of tomatoes (point 4) and the cost is £3.50 (point B). 


— ine, © 
109 Applesaresoldat 30pakg. To read directly from his weighing Rr d 
without calculation, the cost 07.3 kg of apples, the fruiterer wi 
to use 


А price-scale 1, D price-scale 7. 
В price-scale 4. 


E one of the other price-scales. 
С price-scale 5. 


110 The fruiterer is usi 


e relevant price-scale the pointer will 
be between 

А land2 D 4and5 

B 2and3 E Sand6 

C 3and4 


111 What is the cheapest fi 
able to use his weighi; 
Scales, without calcula; 

fruit Costing 1 penny a kg 
B fruit Costing 2 pence а kg 

fruit costing 10 Pence a kg 
D fruit Costing 20 Pence a kg 
E fruit Costing other than 
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tion, the Price of a particular fruit? 


that indicated in A, B, C огр 
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112 If a special fruit costs £1.30 a kg, which one of the following pairs of @ 
price-scales could be used together to give the cost of this fruit? 
A price-scales 3 and 7 D price-scales 1 and 8 
B price-scales 2 and 5 E price-scales 3 and 6 
C price-scales 2 and 6 


Questions 113, 114 


D C 


ABCD is a rectangular section of wall into which 
four tiles fit, as shown by the dotted lines. 


113 You are given two white tiles and two black tiles with which to fill @ 
the rectangle, How many different patterns can you make from 
these four tiles? 


A 3 E 8 
B 4 F 12 
с 5 G 16 
D 6 


114 If you are given four tiles, each of which is white on one side and @ 
black on the other, how many different patterns can you make? 


A 4 E 12 
B 6 F 14 
C 8 G 16 
D 10 


15 4pcp is a rectangle and M, М, P, О, К, S, T, U are points on the @ 
Sides such that 4M — 44D, AN = ЗАВ, PB = 44B, and so on. 


B о R C 
P s 
N T 
A M П] D 
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The area of the octagon MNPORSTU (on page 99) expressed as а 
fraction of the area ABCD is 


А 3 р is 
4 

в + Е 21 

€ з 


116 The diagram below is made up of a number of small squares each of @ 
side 1 unit. Seven rectangles 4,424545, В,В,ВзВ., etc., have been 
indicated on the diagram. Let the perimeters of these be a units, b 
units, etc., respectively, and let their areas be А square units, В 


Square units, etc., respectively. For the rectangle 4,424354. the ratio 
13 


z is 28. This ratio will vary from rectangle to rectangle. 


G Gi 


ig 
Select the rectangle for which the Tatio is the greatest. What 


не S case? 
А 28 D 49 
в 3 ^ 
E Г 
E 2 
28 E 58 
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117 In mathematics we often represent numbers by points on a line ш @ 
such a way that the distances between points representing con- 
secutive whole numbers are equal. In the diagram below 


O represents the number zero 

X represents the number 1 

OX — XY 

angle OXY = 90° 

YZ is the arc of a circle whose centre is O. 


— = 
о х 2 


Which one of the following numbers does 2 represent? 


л 


А 1-5 р 5 
В X2 E попе of these 
сц 


Questions 118, 119 


The figure represents a speedometer graduated for speeds from 0 
km/hour at M to 100 km/hour at N. (Other graduations are not shown.) 
The needle PQ is pivoted at Q, the centre of the circle, and its end P 
indicates speed on the graduated scale. The needle cannot move into 
the angle marked *y?'. The speed graduations are spaced evenly around 
the arc of the circle from M to N. 
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118 When the speed indicated is 40 km/hour then the angle POM is equal @ 


to 

A (180 — у)° D 5(360 — y) 
B 0-4(360 — у)° E noneofthese 
C (144 — yy 


119 ИМ, Q, and P are in the same straight line when the speed is 60 © 
km/hour, find the value of y. 


Questions 120, 121 


A game is played with two numbered wheels, A turn consists of 
spinning both to give a Score. The wheels are divided into three 
identical isosceles triangles numbered 1 to 3. For each wheel the 
Score is the number on the face of the triangle whose base comes 
to rest on the table. Scores on the two wheels can be either added 
or multiplied to give the score for each turn. To. Bet a progressive 
total score, the scores from each turn are added. 


120 Which one of the foll 


Bame? 
А 4 

B 20 D 36 
C 25 E 100 
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122 A thirteen-cm ruler, with four marks between the ends, allows you to (S) 
measure, in one step, any integral length from 1 to 13 cm. For example, 
marks 0 and 1 can be used to measure 1 cm, 0 and 2 to measure 2 cm, 
10 and 13 to measure 3 cm, and so on. For a 9-cm ruler, three marks 
between the ends are sufficient to measure, in one step, any integral 
length from 1 to 9 cm. Which one of the following sets of marks does 
not satisfy this requirement on the 9-cm ruler? 

marks 1, 2, and 6 cm from the left-hand end 

marks 1, 4, and 7 cm from the left-hand end 

marks 2, 5, and 8 cm from the left-hand end 

marks 3, 7, and 8 cm from the left-hand end 

marks 3, 4, and 7 cm from the left-hand end 


mg ow» 


Questions 123, 124 


cE) И. 
«ә 7 


Figure 1 shows an ellipse centred Figure 2 shows two ellipses and a 
at o Its area is zab circle, all centred at o. 
square units. 


D 


123 In figure 2 if the area of the smaller ellipse is to be half the area © 
of the larger ellipse, then 


A Ь = 4а D а= 2b 
B b = 2а E noneof A, B, C, D is true 
C а= 4b 


124 In figure 2 the total area of the shaded parts, in square units, is © 


п 
А qe? - а) D a(b? — ac) 


п 
Bj (be — ac) E 5 (b? = be — ac) 
C a(b — bc — ac) 
125 Four of the shaded figures (over) have the same area. If all © 


dimensions are in the same units, write down the letter of the 
figure which differs in area from the others. 
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Semi-circles 


semi-circles 


TES 


~p 


U 


kK—6 = 
E 


1 i ^ 
x che ae of the complete circle is R cm and if the lines АВ ава © 
e b» tangential to the arcs shown, which one of the following gives 
сазиге of the shaded area of the diagram in square centimetres ? 


A 2 

nR D 272R? – 4р2 
B nR? аа 
С 4g _ nR? 
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127 a, b, c, and d are numbers such that c is less than b and d is greater © 
than a. In view of this which one of the following statements is 


not true? 
A а + b may equal с + d D a+b + стау equal d 
B a+ d may equal b + c Е a+c + d may equal b 


C a + c may equal b + d 


128 In this question the symbols ©, Z, A, all represent real numbers. Qo 
OxA OxOxAXxA 


If 
= Y 
then Y is equal to 
| А ЕхЕ D =хөехө 
| В ЕхЕХЕ E=xoxa 
С ExAxA 


129 The equations to circles of diameters 6 cm and 10 cm may be written о 


2 
= + x =1 and = + 5 =1 respectively. 

2 y? t 
The diameter of the circle with equation а + a 1 is 
А 8cm D 20cm 
B 12cm E 48cm 
C 16cm F none of the above 


130 Another way of writing (a + b)? isa? + 2ab + b? which is, of course, © 
the same as b? + 26а + а?. Similarly (а + b)? = a? + 5а* + 


104352? +... + Sab* + b5. The ... represents a missing term. 
Which one of the following should replace ће... ? 

A Sab D 104253 

B cp E none of the above 

C 15а25* 


Questions 131, 132 refer to the following information: 
1 1 1 
It may easily be proved that x rs EE 


x 
2 
Use this relationship to answer Questions 131 and 132. 
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131 Which one of the following is an expression equivalent to o 
1 1 
zw 
$4 +84 
1 r 
A dg € 168 
x. D noneofthe above 
16-8 
132 Which of the following is an expression equivalent to © 
1 1 1 1 1 
] а E м 
28” it tea * istaa 
1 с 15:2 
A ie 12-8 
5 
= D none of the above 
B 36.8 
Questions 133-135 
Examine carefully the algebraic expressions below. In each case 
Select the statement from the key which is most appropriate to the 
expression. 
KEY 
A true for all values of x 
B false for all values of x 
C false for all negative values of x 
D false for all positive values of x 
E false When x lies in the range 0 to 1 inclusive 
133 x<x 4 2 © 
134 x > 2x © 
135 x25 > © 
136 
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The cost of painting a cube on all faces is £2 per square metre if or 
One coat of paint is applied, It Costs £10 to give a cube of side lengt 
xm one coat of paint. What is the maximum number of complete cubes 


each of side length m that can be painted for £10 if only one coat of 


paint is given to each? 
A2 


D 8 
B 4 Е 16 
С 5 Е 20 


APPENDIX II 


F NUMERICAL 


137 36 km/hour equals 10 metres/second. If an aircraft travels at 990 km/ Ф 
hour, what is its approximate speed in metres/second ? 


A 100 m/sec D 400 m/sec 
B 200 m/sec E 500 m/sec 
С 300 m/sec 


138 During 1972 a man’s savings increased by 10 per cent; during 1973 @ 
they decreased by 10 per cent. Over this two-year period what has 
happened to the value of the savings? 

A И has increased. C It has decreased. 


B It has remained the same. D Itis impossible to tell without 
further information. 


139 0.75y m is 0.125 of the length of a room. It follows that the length of (3) 


the room is 

A 600ут D 0.09375y m 

B 9.375ут E none of these. 
С 0.875ут 


140 Any odd number may be expressed as the sum of the two whole © 
numbers nearest to its half. For instance 
7=4 +3 9=5 +4 
If the odd number is called ‘и’ the general formula to express it 
as the sum of the whole numbers nearest to its half is: 


3 n 3 n 1 n 5) 
3 2) (2-5) си G43) +6 5 
B amet! n aii 3) (5-3) 
n (5+1) + (6-1) » »- 6i + [5 4 


141 Two Projectiles speed directly towards each other, one at 12000 © 
km/hour and the other at 18 600 km/hour. They start 2 465 km apart. 
How far apart will they be 1 minute before collision? 


A 1946 km С 25km 
B 110 km D 510km 


A 


ll 
i= 
+ 


142 Which of the following can be divided without remainder by at @ 
least three of the numerals 11, 3, 5, 2? There is more than one 


answer. 


A 6776 D 9955033 
B 495 E 1818 
C 4620 F 4920 
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Questions 143-145 
A positive integer is prime if it has only two factors, itself and one. 


(1 is not generally included as a prime.) A prime number pair 
consists of two prime numbers which differ by two. 


143 How many prime numbers lie between 10 and 40? © 
A 4 D 10 
B 7 E 15 
c 9 F none of the above 

144 How many prime number pairs lie between 10 and 40? 9 
А 2 D 7 
B 3 E 15 
C 4 


F none of the above | 


A in both cases, 
B in neither case, 


146 123 per cent of a man's 


d Я z gross income is exempt from taxation. The © 
ratio of his gross income to his taxable income is 
8 
= 9 
А 7 р Е 
B7 1 
8 ES 
с 8 
9 


П ANALYSIS IN AN UNSTRUI 


CTURED SYSTEM 
А VERBAL 
147 In a certain school, which offers Only physics 
biology in its science courses, there are twelve сас 
Two of these teach biology but neither feach 
chemistry. Eight teach physics and Six teach chemi 
teach both physics and chemistry? 


Chemistry and (9 
hers of science. 
*S physics nor 
stry. How many 


148 A certain fraction has a denominator Which js AN : 
numerator, x. By what fraction must this fraction be ed than its © 
their product is equal to one? ultiplied if 
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149 The side of a square sheet of cardboard is known to be an exact © 


number of centimetres in length. Which is the only one of the following 
that could possibly represent its area? 

А 441 square centimetres D 1728 square centimetres 

B 635 square centimetres E 8000 square centimetres 

C 1000 square centimetres 


Questions 150-152 


150 


151 
152 
153 


А grandfather clock strikes 4 notes on the quarter hour, 8 on the 

half hour, and so on. Thus, on the hour it strikes 16 notes, and in 

addition it strikes the hours as well. In the house with the clock 

there are three visitors who, in the morning, make statements about 

the number of times they heard the clock strike during the night. 

Their statements are numbered as Questions 150-152. Circle on 

your answer sheet the letter 

K if the visitor could be speaking the truth. 

L ifthe visitor could not be speaking the truth. 

M if there is no way of deciding whether the visitor's statement 
is true or false. 


'I was awake for no more than half an hour, and the clock struck 
20 times.’ 


‘I awoke to hear the clock begin to strike, and it struck 15 times.’ 
"The clock woke me up striking continuously 33 times." 


A party of 7 adults and 7 children travels on a bus journey for 
Which each adult pays the full fare of £1. A child if accompanied 
by its father travels free, otherwise it pays half fare. The total fare 
Paid by the party is £9. On the return journey the party travels by 
train for which the fares are the same as on the bus except that a 
child must be accompanied by its mother in order to travel free. 
If the total fare for the return journey is £10, how many children 
in the party are not accompanied by a parent? 

А none E There is insufficient infor- 
B 2 mation supplied to answer 
сз the question. 
D 4 


Questions 154, 155 


This year, Easter Day fell on March 26, which is early ; but it is 
Dot as early as possible, for unless world-wide agreement to the 
contrary occurs, Easter Day is and will be the first Sunday after 
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twenty-first 
the full moon which happens upon or next anal "rae PES 
day of March. And if the full moon happens upon 

Day is the Sunday after. ë is 29 days; 
Now the average time from one full moon to the nex 


h 
А by as muc 
12 hours and about 44 minutes, but the time may vary by 

as about 6 hours. 


74 
154 When is the earliest that Easter Day can occur? 


А March 21 D March > 

B March 22 E March 25 

C March 23 

14 fall? 

155 What is the latest day in April on which Easter Day cou 

A thirtieth 

B Anzac Day (twenty-fifth) 

C first 

D the Sunday following the second Saturday 

E 


none of these 


d by an 

Each of the Questions 156 to 158 consists of a problem followe 

answer. Write А 
i ў. 5 Г nt 

A if the information given in the problem is not sufficie 

determi, 


пе Whether the answer is correct ; awét 
B if the information is just sufficient to determine the an 
and shows that the answer given js reasonable ; " 
if the information is just Sufficient to determine the answ 
and shows that the я 
D 


156 A man bought 5 


00 articles When th i h, A © 
Е СУ Were selling at 65p each. 
fortnight later he Purchased a Second lot of the armes, making 
the average cost of both tra ctions 66 
price per article of t 


P рег article, What was the 


he seco 
ANSWER—67p 1A let of articles purchased? 


157 A gramophone record which Totates 


per minute takes eighteen minutes io phe ire e 33% нак [6] 
inside groove is 12 cm and that of the Outside e oap E dt ihe 
average distance between Successive grooves, groove 30 cm, fin 
ANSWER—0.015 cm E 
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158 Paper of uniform width (30 cm) and thickness (0.0125 cm) is rolled 
on to a spool of diameter 5 cm. What length of paper has been rolled 
on when the diameter of the roll is 30 cm? 


ANSWER—30 m 


159 The outside area of a circular cylinder closed at one end is given by 
А = nR(R + 2h). И Rand h are each made three times as great as 
previously how many times greater will the area become? 


A 3 D 18 
B 6 E 27 * 
с 9 


160 A cube has edge of length x cm and a circle has radius r cm. Express 
x in terms of r if the fractions 
volume of cube nd area of circle 
surface area of cube circumference of circle 
Write your answer in its simplest form. 


are equal. 


161 If y is a multiple of 5 what is the next number greater than 
(y 4- 2) which is exactly divisible by 52 


162 The numerators are missing in three of the following fractions, What 
is the result when the sum of the first two fractions is divided by the 


sum of the last two? 


163 The difference between the value of the 5 and the value of the 7 
in the number 57 is 43. The number n is composed of two digits, 
a being the tens digit and b the units digit. Write down an expres- 
sion for the difference in value between the digits of the number n. 


164 Consider the problem: ‘Mary is twice as old as her sister Joan is 
now. How old will Joan be when Mary is twenty?” 
If you consider that there is a single answer to the problem in its 
present form write Y. If you consider that more information is 
required, study the statements below and select every one which 
would, by itself, provide sufficient additional information for a 
solution to be obtained. 
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A Mary's present age 
B Joan's present age 
C the sum of Mary's and Joan's present ages 
D the difference between Mary's and Joan's present ages 
E the time in years before Mary will be twenty 


B TABULAR 


; . There ® 
165 Ina pile of beads 30 per cent are red and the remainder е Ном 
аге 360 beads in the pile. A second pile contains 300 bea iini 
many in the second pile are red if half of the two piles com 


are red? 

A 20 D 210 
B 60 E 22 
€ 70 F 330 


Questions 166-168 relate to the following information and table: 
In order to decide 


Г. H d 
Which of two cars to purchase, a man obtaine 
the following info: 


rmation: 
Information Car X Car Y 
A Purchasing price £1250 £1 450 
B Running costs (including regis- 
tration, insurance, Petrol, oil, etc.)| 4 km Sp/km 
C Petrol consumption wien M 
D Depreciation (based on value at | by 1 of its by 1 of its 
beginning of each year) value annually | value annually 
E Average annual kilometrage 16 000 km 16 000 km 
NB—Depreciation indicates the loss j 


n value of the car as it gets older. 


г the t rs i est £) in t 
he two cars if 
petrol fo: ре! ite? 


168 What would be the value of car y at the end or 


trol were 13 he annual cost of © 


two years? Ө) 
12 


APPENDIX П 


C GRAPHICAL 


Questions 169-171 refer to the following graphs based on the 
production of wheat in Australia for the period 1950-51 to 1961-62: 


1 i р 1 р р р ] \ 
ui MEN Soe E GF tales NE ON 4_--4---4--- 
р 


ushels) 


e 
8 
o 

ES 

| 
р 


ана ера 


Total yield (millions of bi 
= 


10004 ---—-- i:--4--- Фаз 
] и: 


= 


+ -+ m 61 61 
50-5 5152 52.53 53154 54-55 55-56 56-57 57-58 58-59 59760 60-6! 61762 
Annual period 


Total yield 
—-—- Yield per acre 
eat for each annual period. 


One graph shows the total yield of wh 
14 of wheat per acre sown 


The other graph shows the average yie 
for each annual period. 


169 The average number of acres of wheat sown per year in Australia 


is approximately 
А 100000 acres. D 10000000 acres. 


B 500000 acres. Е 150000000 acres. 
С 1000000 acres. 


170 For which annual period was the number of acres of wheat sown 


the least? 


171 For which annual period was the number of acres of wheat sown 


the greatest? 


D FIGURAL 
172 In the diagram Union Park is a rectangular garden of cht Hi ve 
у A t in 
square metres. (The points A, B, C, and D are in a 5 e fa bcd 


50 are the points К, Г, M, and М.) What is the area o 


bounded by Green, Brown, and South Streets? 
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| 


B C 
о GR, 
UNION © TESI 
PARK > 
o 
Kc—200m—L 


N 
00m ———5 
«100m» ME——— A4 


SOUTH St 
| 


re © 
‚К. Г, Ма 
173 In the diagram ABCD is a square and E, F, G, H, А of ABCD 
mid-points of sides as shown. What fraction of the 

is the area of ОКЕ? 


B 
Questions 174 and 175 
а unit cube аз Shown: 


APPENDIX II 


175 The length of AB is © 
А уэ С vj 
B vi D v3 


176 In the diagram find the sum of the marked angles. Give your @ 
answer in degrees. 


177 The figure shows half a circular cylinder of length 4 cm and diameter @ 


4cm. 
bom 4cm С 2 
d surface’ 

What is the shortest distance from A to С along the curve 

А 8cm 

B 4y2cm 

C 2n+2cm 

D 4(x + 1)cm 

E 44m + 16cm 


Questions 178, 179 sts S, T, U, V are equally spaced along a 
- ep | impen straight road PR meets SP at right 
straight roa . 


i i oad PR. 
angles. Q is a point on the r . 


/мац=х 
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(0) 
is true? 
i following statements is 
178 Which one "Pam Е cipem 
А 2-у=у- 
В x= y 


Е у>х 
€ rex 


eed @ 
: constant sp 
179 If О represents the position of a car travelling at | 
ize 0 
towards P and along the road RP, then idly than the size 
A the size of angle ОТР decreases more гар ШР 
iz 
UP. — 
d angle OVP decreases at the same ra 
angle QUP. 


B - 
n the siz 
C the size of angle ОТР decreases more slowly tha 
angle QUP. 
D 


ed 
Д n the spe 
апу one of А, В, апа С may be true, depending о 

of the саг. 


ion: 
Р ; informatio 
Questions 180, 181 refer to the following diagram and 


А and B Tepresent identica 
Cart A rolls al 


1 carts segon. 
; er 
ong a table at a Speed of 12 centimetre p 
Cart В is initial] 


in front of A 


ya 
to 
distance of 6 


iecting 
t rest. As soon as the end of spring 5 n total 
uches B, B starts to move. B moves in - spring 
centimetre from its initial position before 
No longer to 


ome 
р z = has bec 
Uches it. At the instant this occurs Cart A 

Stationary, and remains 

centimetre 


d of 
50, and Cart B now has а spee 
Per second, 


uring Which the 
Seconds, At What tj 


52 @ 
SPring contacted Cart В Spring 
t time after the initial contact was the 

probably most compressed? 

А 0.5 second D 2 second 

B 1 second at all times during the 

С 1.5 second Contact 
181 The carts had the same Speed si 

A when cart B Was 3 centimetre from i 

at some point why 


B en cart p Was 
initial position. 

C atsome point when cart B was More than 3 centimetre from its 
initial position. 

D at no stage during the Collision. 


ts initia] position. m 
less than centimetre from i 
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E SYMBOLIC 

182 If n is a positive whole number greater than one, select the state- Ф 
ment concerning the number (п — 1) X n X (n + 1) that is 
always true. (n — 1) x n x (n + 1) 15 always 
A exactly divisible by 2л D greater than n? 
B greater than 6 E not less than n* 
C exactly divisible by 3 


183 xt — 4x3y + 6x2y2 — 4xy? + yf is equal to one of the following. © 
Select it. 


A (х — у)* D x+y 
В xt — yt Е (2x — 2у)* 
С (x + y) 


III READING AND COMPREHENSION OF NEW 
MATHEMATICAL MATERIAL (DEFINITIONS — SYSTEMS) 


А VERBAL E 
184 In the study of logic in elementary mathematics a proposition 1S [9] 
defined as a sentence to which only one of the terms true or false 
can be meaningfully applied. Select from the following the sentence 

which is not a proposition. 

A. This triangle is an equilateral triangle. 
B All squares are parallelograms. 

С ъа ъа = (х + 2) (х + 2) 


р 9=7+4 
Е 2х+3 = 12 


В TABULAR 


Questions 185-187 р 
Consider а new kind of multiplication, restricted to the symbols 


Régime i low 

or which the multiplication table is shown below. 

i An ns factor from the top row, " e it den de 
from the left-hand column, then the result of mu € io 

" 1l that is common to that particular row and column. 

ae because the number in the last column and the 

Thus 3 x 1 = 3 ined. Similarly 2 x 3 = 2 because the 


i s underl А ; 
hs dr Mi to last column and last row is 2, as underlined. 
number Іп 


x 0 1 2 3 
When a and b are used 0 0 5 $ 
in Questions 185-187 1 о : є E 
they represent the sym- Я - ; : : 
bols 0, 1,2, 3: : : с E 
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185 The relationship a x 5 — bxa 
А is true only ifa = b 
B is true only if q = 0огЬ = 0 
С is true for all Possible values of a and b 
is not true for any value of a or b 
186 If a is not equal to 0 for what value of a will a 


187 Find the value of 33 


с GRAPHICAL 
Questions 188-191 


imilar 
in a way simi 
Number Pairs which are written (a, b) can be € pairs can b 
to Ordinary single numbers, For example, num 
added in the following way: 
Git) (d) = (o. 654. aj ing way: 
And number Pairs can be multiplied in the following v 
(a, b) ® (с, 4) = ac + ba 
188 (3, —3) ө (—4, 4) equals 
А —1 D —24 
B 20 E none of these 
C 30 
189 (3,4) 4 (2,6) — (1, 3) equals 
А (3, 5) D (4,7) 
(4, 6) E none of these 
c (6, 13) 


Questions 190 апа 191 refer to the follow; 
he number Pair (x, Y) can be repri 
as shown in Figure 12 


Y 
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Itiplying. 
using the above method of mu р 


^ ation. 
ing diagrams and infor! pem 
sented as a point on а 


© 
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190 Whi Figure 2 
tar hich point represents (—5, 3) + (1, 0)? 

Se point represents (2,3) + (—7, —6)? . 
Qd. 192-195 refer to the following diagrams and information: 
üs н numbers сап be represented as points along à line ox, 
т shown in Figure 1. The number line is always drawn In this 

irection. x athe symbol for any number on this line. 


3 4 5 6 
Figure 1 

When the letter К is placed in front of a number, this means that 
the number line has been rotated about 0, anti-clockwise through 
90°. So the number K5 would be located at point M in Figure 2, 
as the number line has rotated anti-clockwise through 90° and is 
now in the direction of OY. 

Y 


о 1 2 
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Figure 3 shows a plane space in which points (or number pairs) 
may be located relative to the axes OX and OY. 


Y 
LIT i T 
=— #5 | L t 
LI] i 
—T 
yer 
J B " 
Б fs 2A | 3| 3 4| s| 6 
7 | | | 
2 
3 ih 
tt 3 8 
N 
5 p 
Figure 3 


Name (by its a 


Рргоргіаќе lette 
could represent 


T) the point on this space which 
the following 


numbers: 


192 K4 


© 194 —K4 


193 K(K4) 


way Attice points in the following 
NEM 
Win 
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area (in square units) 
= $ (su i 
iem of all lattice points on the perimeter) 
2 ice points inside the perimeter — 1 
ees +1-1 


+ sum of 


Whenevi 
er the i 
vertices of a plane figure with straight sides are all 


lattice poi 

points thi 

= figure. a n may be used to calculate the area of 
elow. The area shaded e" to find the area shaded in the diagram 


p 20 square units. 
E 21 square units. 
Е 36 square units. 


A 

в 13 square units. 

с 16 square units. 
17 square units. 


Questions 197-199 


ab 
as the value 


In Я 
algebra 15 given а specific meaning. It hi 


c 
ad — bc. For example, 


43 
= 2516-8 ii? 
5 6 
7 3 
197 The value of | is 
х [-5 2 
—29 p 29 
E 31 


B =l 
си 
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ab 


198 Which one of the following will leave the value of unaltered? © 


cd 
change a with d and then change b with c 
change a with b and then change c with d 

change a with d and then change d with b 
change a with b and then change b with c 
change a with c and then change b with d 


Beast Pp 


a| l ER . 
| is multiplied by 3, then its value is Ф 
fos 


A unaltered D multiplied by 9 
B multiplied by 3 E multiplied by 12 
C multiplied by 6 


199 If each letter in 


D FIGURAL 


Questions 200-203 refer to the following diagram and information: 


Figure 1 (on the next page) shows a simplified flow chart fora 
computer. The flow chart consists of a series of steps. Each step 
is boxed separately. In other words, this is a list of instructions for 
the computer. 


N refers to the number of cases. 

X is the numerical value of each case. 

У means ‘the sum of’. 

=X means ‘the sum ofall the numerical values of already processed’, 
M is the mean (average) numerical value of N Cases, 

К is the number of cases already Processed. 


The cases fed into the computer have the followi 
owin, j 
values, and are read by the computer in this order: g numerical 


2, 75557; 9; 12; 5,9: 
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200 What is the value of N? © 
A 2 D 8 (sm) 
B 3 E 56 


С 7 
Read N 
number of cases 
201 What is the value of M? Q 
А 1 р 8 
B 3 E 9 Set K=O 
С 1 =X=0 
Ve—“§«§ 
; а n— 
202 If K = 3, what is the numerical @ PERS 
value of the datum (X) which the Ext GaSe 
computer will read next? ун 
АЗ D7 
B 4 E 9 
УХ=УХ+Х 
с 5 
№ 
203 One of the instruction boxes reads @ — 
УХ = УХ + X. 
This instruction = 
A means X must equal zero. ee ees 
B means add the value of the Does К = №? Na 
next case to the existing total. 
C means the computer should ve, _ 
add all values of X together. 
D asks the computer whether all m=% 


cases have been counted. 


E SYMBOLIC 


Questions 204-208 refer to the following information: 


The expression (a A b) means the product of the number a and the 


number (b + 1); a or b may have any value including zero. 
Thus 344-15. 
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204 
205 


206 


207 


208 


209 


For Questions 204 and 205 write 
А ifthe statement is always true. 
B ifthe statement is sometimes true. 
C ifthe statement is never true. 
D ifthere is insufficient information to decide the truth or falsity of 


the statement. 
0 A b = 0, where 0 means zero. 
1Ab=b 
What is the value of (—4) A (-3)? 
A 6 с 15 
В 8 D 16 
If3 A = —3, then 
А х=-1 
В х=-3 
С х=о 
D thevalue of x can be calculated, but it is not listed above. 
E there is no value of x which fits. 
Ifa Д bis equal to O and a = 0, then 
A b=0 
В b-1 
C b=-1 


D no conclusion can be drawn about the value of b. 


А cyclic expression in three symbols, p, 
replacement of p by q, q by r, andr by p, 
an expression which is the same as the original expression, For 
example, 3(p + q + ғ) — P*q?r? is cyclic because when we replace 
P by q, q by r, and r by p, we have 39 +r+p)— q?r?p? and this is 
equal to the original expression. 


Which one of the following expressions is not cyclic? 


4, and r, is one in which 
all at the same time, gives 


A p> +93 +1 — par D (р+а + р) 

В (р – 469 – r\(r – p) р 94 ғ 
А А а E -+-+- 

C р?д + р? + gu 4 r p 


Questions 210-212 
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In algebra the symbol n! is given a specific meaning. It stands for 
the product 


nx(n-i)x(n-2x..x3x2xyi 


© © 
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For example 
5$1—5x4x3x2x1-—120 
M=7x6x5x4x3x2x 1 = 5040 
Use this information to answer Questions 210-212. 


210 Find the numerical value of (3 !)?! © 
" А 11! 
211 Find the numerical value of or © 
2n) ! 
212 f > is always equal to (6) 
A 2! D n 
B 2n E n! 
c 2 F noneofthe above 
213 An algebraic expression in x and y is said to be symmetrical when its © 
value is unaltered by interchanging the x and the y. Select from the 
following the one which is not symmetrical. 
А x? + у? D (x-y)? 
В 3xy Е x-y’ 
С (x+y)? 
214 As an abbreviation for ‘3 x 2 x Г we write 3 ! Similarly (Ө) 
5 х4х3х2 х1 
А ' x! hat i x 
is represented by 5 ! If @-»D! = 8 what is the value of 2 1? 
А 4/7 D 12 
B 4 E 24 
C 6 F none of these 
215 In this question the symbol [x] means ‘the largest integer which is less [9] 
than or equal to x’. For example, 
[4] = 4, 22] =5, [133] = 13. 
Which one of the following statements is correct for all values of x 
greater than 1? 
А xix] =x? С k+l = 1] +1 
в РЕ! р ke- D] = i - 1] 
[х] 
Questions 216-218 


А different method of writing fractions is to write them as number 
For example, the fraction 3 may be written as (2, 3). The 
s applicable to fractions apply as usual. Using this system 
nswer Questions 216-218. y 


pairs. 
operations a) 
of arithmetic, a 
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216 The value of (1, 2) + (1, 4) is 


A (1,2) D (3,4) 
B (2,6) E (3, 8) 
C (2, 4) 

217 The value of (3, 5) + (2,3) is 
A (2, 5) D (15, 6) 
B (6,15) E (10,9) 
C (9,10) 

(5, 7) x (14,15), 

218 The value of — G3 — is 
А (1,1) D (9, 4) 
В (4, 9) Е (1,0) 


С (0, 1) 


Questions 219-221 refer to the following information: 


The following list gives some examples of the use of star numbers: 


*2 + *3 = *6 
*4 + *5 = *20 
*8 + *2 = *16 


219 Complete the following: *3 + *4 — 


А *7 C *12 

B 7 D 12 
220 Complete the following: *12 — *6 — 

A *6 D 2 

B 6 E -72 

€ *2 F *—72 


* 
221 Complete the following: (2) = 


А *p+*q 
B *р — *а 


оо 
E 

x 

* 
E 


Questions 222-225 


In this set of questions a A b means *the greatest common factor of a 
and b’ and a V b means ‘the lowest common multiple of а and b’ 
For example 12A8 —4and 12V 8 = 24. = * 


222 (SV 10) x (3^ 6) is equal to 


А 15 D 40 
B 20 E 60 
C 30 F 150 
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223 IfaV b — c then the value of 2a V 2b is 


A c 
B 2c 
C 4c 


224 If a and b are even numbe! 


D c 
E 4c? 


rs then 


А bothaA b and a V b must be even. 
B only a Ab must be even. 
C only a V b must be even 


D neitheraAbnoraVb 


must be even. 


225 IfaAb =k then the value of a? A P? is 


А Е 
B 2k 
C 4k 


р k? 
E k* 


IV FOLLOW AND CONSTRUCT A PROOF 


D FIGURAL 


226 ABC is any triangle and АХ is drawn parallel to BC. AY is drawn 
perpendicular to BC. In the following proof that / YAB — / YAC, 
which statement is the first that is not justified by the information? 


A X 


B 


Y Cc 


To prove: / YAB = ZYAC 


Proof: 


ХУВА Е YAB = 90° (statement К) 
LXAC + / ҮАС + 90° = 180° (statement L) 


ZXAC + / ҮАС = 90° (statement M) 


but 
<. ZYBA 


227 A rectangular s 


cutting along th 
ВР = ЗВА, and а further 


АВ = 12cm and AD = 5 ст. 
owing statemen 


Consider the foll 
If you think that the reaso 


Е оп your answer $ 
circle the letter correspon 


occurs. 


ХХАС = Z YBA (statement №) 
+ Z YAC = 90° (statement P) 
LYAB = / ҮАС 


cut is made along the straight line PA. 


ts in the light of this information. 
ning is sound throughout, circle the letter 


heet. If you think that the reasoning is not correct, 


ding to the first step in which an error 
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heet of paper, corners ABCD, is cut into two parts by © 
е diagonal BD. A point, Р, is chosen on BD such that 
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BP = {ВА (given) 
.. BP = 9cm (statement А) 
Since / BAD = 90°, BD = 13cm (statement B) 
/. PD = 4cm (statement C) 
But DA — 5cm (given) 
г; РА = 3cm (statement D) 
E SYMBOLIC 
228 Inanexamination four candidates score marks a, b, c, d. Theaverage @ 
for the four is denoted by x. Later a fifth candidate sits for the 
examination and his mark e goes with the other four marks to make 
а new average y such that y = 2x. Now study the method of finding 
the relationship between e and x. 
Step A at+b+c+d =4x 
Step B a+b+c+d+e=Sy 
Step C at+tb+c+d+e=10x 
Step D 4x + е = 10x A 
Step E e = бх 


Write S if you think that the working is correct. If you think that the 
working is not correct, write the letter corresponding to the first step 
in which an error occurs. 


229 Ina certain experiment the numbers a, b, c, d are such that О) 
а> > с> а. 
Now study this reasoning: 1 
(a + b) > (c +d) 


Step F и. a>(c+d-—b) 
Step G /. -a>(-c-—d+b) 
Step H <. (d — a) > (b — c) 
Step I <. (d +c) > (b +a). 


If you think that the reasoning is sound throu 
on your answer sheet. If you think that the 
circle the letter corresponding to the first 
occurs. 


ghout circle the letter J, 
reasoning is not correct, 
Step in which an error 


Questions 230-233 


The following consists of the statement of a the 

ore 
the terms used and a proof of the theorem, Two lhes es about 
line Y) have been omitted. Study the material gi, (line X and 
answer the questions which follow it, given and then 


128 


APPENDIX II 


Theorem V2 is not a rational number. 


Notes 4/2 stands for the number which gives 2 when multiplied 
by itself. 

A rational number is one which can be expressed as the 
fraction p/q, where p, q are whole numbers (4 # 0) and have 
no factor in common, e.g., 7 z " 

Proof If 4/2 was rational it could be written as p/g where p and а 
are whole numbers (4 7 0) and have no common factor 
ie, v2 —pla 
Squaring and rearranging leads to 
т. MENTRE UO Dee) 

Thus p? is even and so p must be even. 
Let p = 2r 

Thus 2g? = 4r? 

or а? = 2° 


Hence q must also be even. 
MERE EE (line Y) 
But this contradicts the original assumption in the proof. 
Therefore V2 is not rational. 


230 From the following select the number which is not rational. © 
A v0.81 р V5 
B V2i Е У? 
С V16 
231 Which one of the following would be the most suitable to write (3) 
in line X? 
A 2 = pla р р = 24 
B 4 = 2р° Е д?р? = 2 
С 25 = р 


232 Which one of the following statements would be the most suitable © 


to write in line Y? 
Hence p and а cannot be rational. 
Hence p/q is not rational. 


Hence p = 4 = 2r 
Hence p and q have the facto! 
are both perfect squares. 


r 2 in common. 


Boa > 


Hence p and q 
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233 Which one of the following best summarizes the method used to © 

establish the truth of the statement * V2 is not a rational number’? 

А Assume that the statement is false and then show that this 
leads to a contradiction. 

B Assume that the statement is true and then show that this can- 
not be directly supported by logical means. 

C Deduce logically from a known fact that the statement cannot 
be contradictory. 


D Develop logically a contradiction of the statement from a 
known fact. 


234 Study the following sequence of steps. It is possible that in some (©) 
of the steps the left-hand side of the statement does not equal the 
right-hand side. Give the letter corresponding to the first line on 
which this occurs. If there is no such line write N. 


line A (x —3) = 0 

line В (x — 3) x = (x —3)4 

line С -’. х2 — 3x = 4x — 12 

line D ~. x? — 7x + 12 = 

line E ~. (x — 3) (x —4) =0 

line F "x —4—0 

line G х= 4 

line H .'. as x = Запах = 4, therefore 3 = 4 
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133 А 158 E 182 C 208 
134 D 159 C 183 A 209 
135 E 150 ее, 184 Е 210 
136 В 161 у+5 185 С 211 
137 C 162 1 186 2 212 
138 B 163 10a—b 187 3 213 
139 E 164 A,B,C, 188 D 214 
140 C D,E 189 D 215 
141 D 165 E 190 B 216 
142 Bor 166 C 191 C 217 
143: p 167 £35 12 D 218 
144 B 168 £128 193 J 219 
145 D 169 D 14 M@,—4) 220 
146 A 170 56-57 5 С aal 
147 4 171 61-62 . P6 E 2 
-— I 172 ma и i ind 
149 A "m 199 D I 
150 K 174 B 200 D m 
151 L 175 А 20 C >= 
152 L 176 360° 202 D 2 
153 E 177 E 203 B A 
154 B 178 C 204 A 231 
I5 E 179 А 205 С 232 
156 А 180 В 206 B 233 
157 B 181 B 207 D 234 
IA s We 
fie Library o 
[< 9 


(| > 4 


si - 
SL, Calcutta Ъ / 
$4 a 
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